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Abstract

For any commutative ring with unity R, a new ring can be defined called the ring
of dual numbers of the ring R, denoted by R[a]. In this paper we obtain a
characterization of unit and zero-divisor elements in the ring of dual numbers of
the ring of integers modulo n, Z,[a].
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1. Introduction

All rings considered in this paper are commutative with unity. Unity played a
fundamental role in the rings. A nonzero element u in the ring R is called a unit
if there exists an element v in the ring R such that u.v = 1z. In fact, this element

v is unique, denoted by .

For any ring R, a new ring which is an extension of R can be defined, denoted by
R[a], called the ring of dual numbers of the ring R as follows:

R[a]= {a+ ba: a, b ER, o> = 0}.

(a+ba)+(ctda)=(a+c)+(b+da. (a+ ba)c+ da)=ac+ (ad+ bc)a.
In this paper, I try to find some properties of unit, zero-divisor and idempo- tent
elements in the ring of dual numbers of the ring of integers modulo », Z,[«a].
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Theorem 1.1: A nonzero element a €7, is

1. A unit element in Z, if and only if ged (a, n) = 1.

2. A zero-divisor element in Z, if and only if gcd (a, n) = 1.
Example 1.2: In Z:

1. The unit elements are 1 (mod6) and 5(mod6).

2. The zero-divisor elements are 2 (mod6), 3(mod6) and 4(mod6).

2. Unit Elements of Z,[a]

Lemma 2.1: An element u# + va 1s a unit in Z,[a] iff u is a unit in Z,.
Proof: Assume that u + va is a unit in Z,[a], then there exists ¢ + da in
Z,[a] such that (u + va) (¢ +da) =1, and so uc + (ud + vc) a = 1.
Hence uc = 1. i.e u is a unit in Z,.

Conversely, assume that u is a unit in Z,, then u ! exists in Z,.

1 1 1 1 —

Consider (u +va) (u ' —u?vo)=uu ' —u vo+u va=uu'=1.
Thus, u + va is a unit in Z,[a].
Theorem 2.2: The set of all unit elements in Z,[a] is:
{u+vo: uis aunit in Z,}.
Proof: See the previos lemma.
3. Zero-Divisor Elements of Z,[a]

Lemma 3.1: An element x + ya is a zero - divisor in Z,[a] iff either x = 0
and y/~ 0 in Z, or x is a zero - divisor in Z,.

Proof: Assume that x + ya is a zero - divisor in Z,[a], then x + ya /= 0.
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If x = 0, then y ~ 0 because x + ya /= 0.

If x = 0, then there exists ct+da €Z,[a]—{0}such that (x+ya)(c+da) = 0.
Hence xc = 0....... (1), and xd +yc=0. (2).

If ¢/~ 0, then by (1) x is a zero - divisor in Z,,.

If ¢ = 0, then by (2) xd = 0.

But ¢ +da/~ 0, so d~ 0. Thus x is a zero - divisor in Z,.

Conversely, assume that x = 0, then ya is zero - divisor because y/~ 0 and
2
yo© = 0.

Now assume that x is a zero - divisor in Z,. So, there exists v €Z, —{0}
such that xv = 0. (3).
Consider (x + ya) (va) =xva = 0 by (3), for any y €Z,.
Thus, x + ya 1s zero - divisor in Z,o.
Theorem 3.2: The set of all zero - divisor elements in Z,[a] is:
{x+ ya: x is a zero - divisor in Z,}.
Proof: See the previos lemma.

4. Idempotent Elements of Z,[a]

Definition 4.1: An element a € Z, is said to be idempotent element if

a’ = a.

Example 4.2: The idempotent elements in Zs are the elements:
{0(mod6), 1(mod6), 3(mod6), 4(mod6)}.

Lemma 4.3: The elements 0 and 1 are always idempotent elements in Z, and
Zi|a].

Proof: Easy.
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Lemma 4.4: For any nonzero element b € Z,, ba isnt idempotent element in
Z|a].
Proof: Assume that ba is an idempotent element in Z,[a] for any nonzero
element b €7,.
So, (ba)?> = b*a® = b*0 = 0 /= ba, which is a contradiction. Thus, ba isnt

idempotent element in Z,[a] for any nonzero b.

Lemma 4.5: For any nonzero element b €Z7,, 1+ba isnt idempotent element in
Z|a].

Proof: Assume that 1 + ba is an idempotent element in Z,[a] for any
nonzero element b €Z,,.

So, (1 +ba)? =1+ ba, and so 2b = b, Thus, b = 0, which is a contradiction.
Hence, 1 + ba isnt idempotent element in Z,[a].

Lemma 4.6: For any nonzero unit element a €Z,[a] —{1}, a isnt idempo- tent
element in Z,[a].

Proof: Assume that a is an idempotent element in Z,[a] —{1}, so a* = a.

But a is a unit in Z,, so a> = a implies a = 1, which is a contradiction
because a/F~= 1.

Thus, a isnt idempotent element.

Corollary 4.7: For any nonzero unit element a € Z,[a] —{1}, a + ba isnt
idempotent element in Z,[a] for any nonzero element b in Z,.

Theorem 4.8: For any nonzero element b € Z,, a + ba isnt idempotent element
in Z,[a].
Proof: Assume that a + ba is an idempotent element in Z,[a].
So, (a + ba)*=a+ ba,andsoa’*=a ........ (and2ab=b (2).
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Thus, we have four cases to study:
Case 1: If a = 0, then by Lemma 4.4 we are done.
Case 2: If a = 1, then by Lemma 4.5 we are done.

Case 3: If a is a nonzero unit in Z,[a] such that a/~= 1, then by Corollary
4.7 we are done.

Case 4: If a is a nonzero nonunit in Z,[a], then by (2) we have (2a—1)b =
0, and so we have:

If 2a —1 = 0, then a is a unit, which is a contradiction.
If 5 = 0, we have a contradiction because b~ 0.

If neither 2a —1 = 0 nor b = 0, then Z,[«] is an integral domain, which is a
contradiction.

Consequently, a + ba isnt idempotent element in Z,[a] for any nonzero ele-
ment b.

Corollary 4.9: If a + ba € Z,[a] is an idempotent element then a is an
idempotent element in Z,.

Proof: Assume that a + ba is an idempotent element in Z,[a].
So, (a + ba)>=a+ ba,andsoa’*=a ........ ()and2ab=b (2).
By (1), a is an idempotent element in Z,.

The converse of the previos corollary isnt true, the next example will explain
that.

Example 4.10: In Z, 3 is an idempotent element but 3 + a isnt idempotent
element in Zg[a].
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Theorem 4.11: The characterization of idempotent element in Z,[a] have the
same characterization in Z,, see [5].
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