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Abstract

In this paper, free vibration of isotropic material Euler-Bernoulli beam resting on Pasternak
foundation is considered. The governing equations of motion for isotropic beam are derived based
on energy method, and Hamilton's principle. These equations are solved using Navier's method for
simply support boundary condition. The effect of spring constant (K,), shear constant (Kg) and
longitudinal wave number (m) on natural frequency (axial natural frequency and bending natural
frequency) is considered. A validation is made with previous similar researches in the literature to
check the accuracy of the present study. Natural frequencies are computed for various values of the
parameters mentioned using MATLAB program. The beam is considered to be made of steel.

Keywords: Free Vibration, Isotropic Materials, Euler-Bernoulli Beam, Pasternack Foundation,
Viscoelastic Foundation.

1. Introduction

Vibration analysis is a mechanical phenomenon when the natural frequency is near the excitation
frequency, the resonance is occurred. The oscillations may be periodic, such as the motion of a
pendulum or not periodic, like the movement of a tire on a stone way. Vibration can be classified into
two types: free vibration and forced vibration. The free vibration happens where a mechanical system
is beginning in movement with an initial input and permitted to oscillate freely. Forced vibration
happens when an external load as a time function is applied to a mechanical system. The
inconvenience can be divided into a periodic and steady type input, a transient input, or a non-periodic
input. The periodic input can be a harmonic or a non-harmonic inconvenience [1].

Euler—Bernoulli beam theory (EBBT) or classical beam theory (CBT)is a facilitation of the
linear theory of elasticity which enable computing the load carrying and deflection properties
of beams. It involves the case for small deflections of a beam that is subjected just to side loads. It is
therefore a special case of Timoshenko beam theory [2].
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The Pasternak foundation is generally one of the elastic foundation models. This type of foundation
can be seen as a system of closely spaced linear springs coupled to each other with elements which
transfer a shear force proportional to the slope of the foundation surface. The Pasternak foundation
can be seen as an overlay having a surface tension applied on a system of elastic springs as well. As
a result, the connection of spring can be saved energy of structure. An intermission in slope of the
displacement can occur at an edge of the beam or the plate resting on the elastic foundation [3].

A variety of researches were made on free vibration of Euler-Bernoulli and Timoshenko Beams
resting on viscoelastic foundations. For example, Chen et al. [4] proposed a mixed method, which
combines the state space method and the differential quadrature method for bending and free vibration
of arbitrarily thick beams resting on a Pasternak elastic foundation. Based on the two-dimensional
state equation of elasticity, the domain along the axial direction is discretized according to the
principle of differential quadrature (DQ). Peng and Wang [5] investigated free transverse vibrations
of finite Euler—Bernoulli beams resting on viscoelastic Pasternak foundations. They applied
differential quadrature methods (DQ) directly to the governing equations of the free vibrations. They
calculated the simple supported boundary condition, the natural frequencies of the transverse
vibrations. Bezerra et al. [6] analyzed the influence of the foundation parameters and the boundary
conditions configuration in the dynamic response of Euler-Bernoulli beam on Pasternak foundation.
They developed a finite element solution and compared the results with the analytic solution to verify
the reliability of the method in this kind of problem. Xu and Wang [7] produced a new method for
analysis of transverse free vibration of a finite-length Euler-Bernoulli beam resting on a variable
Pasternak elastic foundation. Schwarz distribution was adopted for simplifying the partial derivative
of Dirac function and compound trapezoidal integral formula was adopted for discretizing the shape
function of beam. Abbas et al. [8] studied the vibration analysis of uniform and nonuniform Euler—
Bernoulli, and Timoshenko beams utilizing the differential quadrature method (DQM). The focus of
this work was on studying the deflection difference between both beam theories at different beam
dimensions as well as showing the shape of rotation of the cross section while applying a nodal point
load equation to simulate the moving load. Free vibrations and dynamic response of a composite
beam on the elastic foundation reinforced with graphene plates were studied in [9]. A beam under the
action of a moving load was considered. A Newmark method was used to solve the problem of forced
vibrations. The research [10] also studies free vibrations of beams placed on the elastic foundation.
For this purpose, eigenfrequencies and modes are determined using analytical and numerical methods.
In [11] Hermite finite element method to get the numerical approximation scheme for the vibration
equation of viscoelastic Pasternak foundation beam was used. The study of Yaniutin et. al. [12] aimed
to develop a mathematical vibration model for an Euler—Bernoulli isotropic elastic beam with infinite
length on the two-parameter Pasternak foundation. They studied stress-strain state under the action
of moving uniform loads. They solved initial differential equation using the direct and inverse Fourier
transforms.

In this study, free vibration of isotropic material Euler-Bernoulli beam resting on Pasternak elastic
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foundation is investigated. The governing equations of motions are derived depending on energy
method and Hamilton's principle.

The main contributions of this work:
1. Calculating natural frequencies and mode shape for the proposed beam.

2. Deriving the governing equation of motion for the proposed beam according to Euler-Bernoulli
beam theory based on Hamilton's principle.

3. The resulting governing equations were solved by a numerical method (Navier's method) for
simply supported boundary conditions. Navier's method gives accurate and exact solution

4. Studying the effect of the Pasternak foundation on the proposed beam according to natural
frequency and mode shape.

5. Investigating the effects of changing spring constant (K,), shear constant (K¢), longitudinal wave
number (m), and slenderness ratio (L/h) on natural frequencies (axial natural frequency and
bending natural frequency).

The rest of the paper is organized as follows. The description of the used beam and the derivation of
governing equations is made in section 2. Navier's method to solve the developed equations is detailed
in section 3. The numerical results for the experiments made are shown in section 4. Finally, the main
conclusions and insights for future research are summarized in section 5.

2. The Governing Equations of Motion for Isotropic Euler-Bernoulli Beam

The Euler-Bernoulli Beam that considered in this study is indicated in Fig. (1). A simple supported
beam manufactured of steel material with length (L), Young modulus of elasticity

(£, &

i Wl =2 L
5 3 j%%%% o

J K, (shear const ant )
/oL |

K, (spring consant)

N <A

Fig (1): Free vibration for Euler-Bernoulli simply supported beam resting on Pasternak Foundation
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(E), density (p), width (b), thickness (%), resting on Pasternak foundation with spring constant (K,)
and shear constant (K), as shown in Fig. (1).

The governing equations of motion for the isotropic material beam depending on "Euler-Bernoulli"
beam are derived by using "Hamilton's principle" [13]. Displacement fields of Euler-Bernoulli Beam
are considered as follows:

Normal strains are written as follows:

2
.. = oU (x,z,t) —e = auo(x)_z aw(zx).
ox ox Oox (2-a)

£, = a—U =0.

oy
&, = w _ 0.

Oox

normal ,strain

Shear strains are written as follows:

_ou i ov o b
j/xy ay ax - ( - )
oU ow
V. = —+ = 0.
o= Ox
oV oW
Y. = —+ = O.
> Oz oy

Finally, the components of strains are indicated as follows:

- :aU(x,z,t):auo(x)_Z Bzw(x).
e Ox Ox Ox 2
e, =27 _o.
e = omw__ 0.
Oz
—
yo =2 28 _o. (2-¢)
oy Ox
oU ow
Y. = —+ = O.
o= Ox
oV oW
Y = -+ = O.
> oz oy s
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The strain energy is defined as:
1 1
U = EJ-G” g,dv — U = EI[5J[/ g, +o,0&, Jdv. 3)

By taking the variation for the potential energy, we obtain:

SU = [ (o, 86, )v. (4-2)

U = [[o, 8, + o, Sgry + 008l +0. e +
=0 =0

(4-b)
f)bc 5fyx + fzy 5fzy —+ gzx 5:93 ]dv .
=Txy T =Oyz =&y =0y =&,
oU = I[GXX o, +20,0¢, +20,.0¢, +20.5¢.]dv. (4-¢)
Vxy Vy= Faz
2 2 2
4-
SU = [[o,, 5&, 1dv. (4-d)
(4-)

oU = J.[O'xx os,_ . ]dv.

Substituting Eq. (2-¢) into Eq. (4-e), we obtain:

U =|o,.|& a”oj—z5 oW 1 4 e G
B = Ox ox 2

The resultant force and moment are considered as follows:

M o N o

x no| Ox x BT (5-b)
M :.[—ih o, (zdz,and .,y N | :Iih o, dz
M . 2 o, N . 2 T,

Therefore,

h
=2 o.dA.
N | I;O‘xd (59

h
M, = [3,0,zdA.
2
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o o o
Nx g(é‘uo) :g(Nxé‘uO)_ a = 57/{0.

o ow o ow OM . . ow (6)
M ax O o) T oy MO =505

621 2 (sw)= 8(61”)65( ))—6Mx S ).
x Ox Ox

Substituting Eq. (5-¢) into Eq. (4-e), we obtain:

2 (7)
SU = I|:N 5[8” ] an[awz de
Ox Ox
Substituting Eq. (6) into Eq. (7), we obtain:
2 8
&/z—j[aNx5uo+aj\12x§vv:|dx ®)
Ox Ox
The kinetic Energy of EBBT is considered as the following form:
1
7 = | —pov vdv (9-a)
I 54
_1 (GU(x ,Z t)— GV(x,Z,t)]ij@W(x,z,t)k—j‘
ot ot
aU( ) - oV ( t) oW ( ) (©-b)
SRLELE N X2, J+ SELELEN Y
ot ot ot
ot ot ot ot ot (9-¢)
S ouU l,—+6V Jf+8W il oU l_—+6V j—+8W i \av
ot ot ot ot ot ot
ST = p 8Ul,—+6Vj+8Wk— 5 8Ul.—+aV]¢+5Wk— v (9-d)
ot ot ot ot ot ot
9-
5T =[p [ 5(6Uj+al/ 5(8V j+8W 5[8W Hd" (9-¢)
ot ot or or ot or
Substituting Eq. (1) in Eq. (9-¢), we obtain:
ou, .( Ou, ou, [ ow ow ou, , 0w ow ow [ ow (10)
or :J‘{pﬁté‘[@t}_pz 815(8t6x )_p orox 5[ a j“’z axor 5(&6:}”6:5(&)}2‘“
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The mass moment inertia is defined as:
where : 19 z_fpz Ddz i =0,1,2. (11)

Substituting Eq. (11) into Eq. (10), we obtain:
ST — J.|:I(O) Ou .5[6u0]_1(1) Ou, 5 o w o o w 5[6140)_'_
ot or or ot Ox ot ox or (12)
2 2
1(2)8w s o*w _|_I(0)8W5 éwjdA
Ot Ox Ot Ox ot ot

Therefore:

2
Ou, 5[8uoj:i Ou, 5”‘0]_85;‘20 Su,.

or or or \_or

ou, 5[ o*w j o [auo 5[6\4} D_azuo 5[814/ j (13)

ot ot &x ot \_ ot ot? ox
So(Br)-E(See)-5

Substituting Eq. (13) into Eq. (12), we obtain:

J

o’u o | du o’u

ST = [| -1 Tl sy, + 10| L | Cho s — Y% s +

j[ a2 e o | 2 0 T ar o)

-0

; . \ (14-a)

0 9 51| 2| O 5, |- 9" 5, |-
Ot “Ox Ox | Ox Ot Ox “Ot
| —

=0

2
1<°>aa%5w :|dA.

Where dA=bdx, b is the width of the beam. Therefore, the final kinetic energy formula is obtained as
follows:

2 3 4 2
oT :j[_pm —66:‘205 L0 P05 0 DY s g O 5, g —aa:j Sw }bdx. (14-b)

Ox ot? Ox Ot ox *ot?

The external work is defined as:

(15)
= ——j F., (x )W (x)dA
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By taking the variation for external work, we obtain:

§Wee = — 2 [[F(x)6w(x) + 6F (x) w(x)]dA (16-a)
(16-b)

§Wexe = =3 [ [Fexe (x) Sw(x, t)]bdx

Fext(x) = q(x' t) + Fp (17)

Forced Vibration  Pasternak foundation
Substituting Eq. (17) into Eq. (16-b), we obtain:
W, :—j(q(x )+ F)Sw (X, )bdx (18)

In this thesis, free vibration analysis of EBBT is considered, then q(x, t) is equal to zero.

By applying Hamilton's principle, we have:

(19)
I[I=T-U+w,,)
Where:
H + Total potential energy.
T: kinetic energy.
U: potential energy.
Wext: external work.
By taking variation for total potential energy and making it equal to zero, we obtain:
SIN=0= 6T — (U +W,,)=0 (20)
By integrating Eq. (20), we can obtain as follows:
[tor — (U +ow, )1dt=0 1)
By substituting Egs. (8), (14-b), (18) into Eq. (21), we obtain:
g -1 o ”05 g0 D5 g0 O g g 0w g

Ox o2 oxor?  ° Ox 2ot? (22-a)
o'w ON o°M
I(O) ?5\4/ jb + axx 51/10 +?2x§1/\/ +q(x ,l‘)g\/l/b +Fp§wb]dx =0
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2, 3
Sug 1@ THop yo O ONL g
ot Ox Ot Ox
o Ou o O'w ,Ow  O’M (22-b)
Swi—I0 ZEC b g CH O s g (xt)b+F,b =0
ox ot ox 21 a7 Ot o TAIPAE,
From Eq. (5-c), we have:
n 2 ”
N, =[ocdd =[Esda — [>E o _ aw2 dz — b Mo - |3
- Ox Ox Ox -
52 o n 5 (23-a)
—Eb S Z |15 = N, = Ebh ZLe
Ox > Ox
ON o’u (23-5)
= Ebh O (2.22)
Oox Oox
sub M 2
M, = J.O'deA = IESXZ dA—)Jl% Eb [8140 z —z? 2 M; jdz
2 J—= o Ox
2| n 2 3|h . 3 A2 (24-a)
—Ep Pz |5 pp W Z 05 gy - TEDR 0w
Ox - ox -~ 3 |— 12 ox
2 3 4
ox > 12 ox *
By substituting Egs. (24-b) and (23-b) into Eq. (22-b), we obtain:
2 3 2 25
Siag 10 Doy OV gy Tt _ @)
Ox Ox Ot Ox
Sw i1V Qo oy, OW  qoy, OWw  Eh’, 0w +gb+Fb =0 (26)
ox ot ox ot” ot’ 12 ox* i
For free vibration: q=0
S F,=—kw +k;Viw (27-a)
Kw: spring constant.
Ka: shear constant of Pasternak.
o = o (27-b)
v? =
8x 2 -+ /@5} 2 + /gz 2
o> w (27-c)
'.Fp :—kWW +kG ?

By dividing the both sides of Egs. (25) and (26) on width of beam (b) and addition of Eq. (27-¢) to

166

International Journal for Scientific Research, London Vol (5), No (8), 2026
https://doi.org/10.59992/1JSR.2026.v5n8p9 E-ISSN 2755-3418



https://doi.org/10.59992/IJSR.2026.v5n8p9

International Journal for daalad) o ganll 4 gal) Adaall

Scientific Research (IJSR)

Vol. (5), No. (8) August 2026 (8) sua)t ¢(5) Hluu

(26), we obtain the following equations of motion for isotropic EBBT.

2 3 2, 2
5u0:—1(°’8”;+1<” aW2+Eha”;:0 28)
Oox Ox Ot Ox
3 4 2 3 4 2 (29)
S it Qe g OW 00w ERSW 0w
Ox ot Ox “ot ot 12 ot ox
We calculate the parameters I @, 1 (M, 1@ by limited integration, we obtain:
" N
I(O)zj'ipdz = ph
)il
1V = (3, pzd= =0 . (30)
I<2>—_|'% 22dz =X pnd
o %”p —127
By substituting Eq. (30) into Eq. (28) and Eq. (29), we obtain:
o’u Ow o%u (31-a)
ou, : —ph 0 —+ Fh 0 =0
0 a2 T V%50 ox 2
o’u O’u (31-b)
—ph t20 + Eh - D =
o’u 1 o'w ow Eh® o'w ow (31-¢)
ow :—(0 o+ — ph’ - - —k +k,—==0
Qe 12 ox *ot? or? 12 axt ¢ ox?
1 , O'w o'w  Eh® d'w ow (31-d)
— - - —kow+k, 2 —0
127" ax2er M aer 12 axt Y T O oxt
We rearrange the equations (ou,,ow ) Egs. (31-b) and (31-d), we obtain:
u u
ou,:Eh Y = ph 0 32
0 ox: o G2)
Eh’ &'w ow ow 1 o'w 33
: +kw —k,——=—ph +—ph’ ———— ... (33)
12 ax® o T 0 T T 5 T2 et

The Equations (32) and (33) represent the governing equations of motion for free vibration isotropic
material beam resting on Pasternak foundation.

3. Numerical Method Solution
The governing equations of motion (32) and (33) are solved semi-analytical solution using Navier's
Method for the beam with simply supported boundary conditions.
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In Fig. (2), an isotropic Euler-Bernoulli simply supported beam with its boundary conditions is
indicated. As it is seen in Fig. (2), the boundary conditions are:
When x=0: w=0, 2%=0
ox
du

And when x=L: w=0, Pl 0

The Navier's method for isotropic EBBT is defined as follows:

u(x,£) = By 5 U cos (75 etet (34)
w(x,t) = Xo_1, W sin (%) elwt (35)

Where m is the axial wave numbers.

By substituting Eq. (34) into Eq. (32), we obtain:

Z|:I(°)W U, — 1w 2 [%jW" — Eh (%jzum :|cos(mzx ]e"W’ -0 (36-a)
1w, U, — 1YW 26%)Wm —Eh [%]Um —0 (36-b)

Similarly, by substituting Eq. (35) into Eq. (33), we get:

P A
| . (shdar constant)
7 )
Z _ x=L
X=0 K, (spring consant) W=0
W=0 du _ -
8 5 O (N=0

u
= =0(N.=0)

Fig (2): The schematic isotropic Euler-Bernoulli simply supported boundary condition beam resting on Pasternak
Foundation.
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2
[—7 Ow 2(%}1," +7Pw 2(%} W+ IO W

Eh? (mzY mz . (max ) . 37
— 2% \w, -k w, —-K.|Z2Z|w, ]sin e™ =0 (37-a)
12 L L L L

#0

(ygr 2 M7T yqr 2 M7T 2 © Eh* (m=zY
—1%w TUm+I>W - w, +1m W, — — |\ w,,

12 L

2
KW, — K, (%) W, =0..... (2.35) (37-b)

From Based on equation (36-b) and equation (37-b), we formulate a matrix as follows: (38)

1w U, — 10w 2 [%]Wm — Eh [%jU,ﬂ —0

IO 2["171')[] +I(2W2(m_7t) W +19m s 7Eh3[m_ﬂ-j w
7 o V3 - =2 UL ” (39)

2
_Kern _KG (%] Wrn = O

w2 _gp [Mj _ (M)
L L (40)
a — U, } - {0}
_1d (M) 1@ 2 (ﬂ)z 1O 2 _ Eh’ (ﬂy -K,—K, [sz {W”’ 0
L L 12 Uz L

=0 B

Substituting Eq. (30) into Eq. (40), we obtain a new form of matrix as follows:

a 0)(U, 0 (41)
o gl\w,| o
By taking the determinant for the matrix in Eq. (41), we obtain

S 0=<0)=0 . —0
o pl|= = () —(0<0) =0 —= .. xfF=0-
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. 05,8 =0 =
FEither :
a =0

2
190 _EnR (mT”j = 0,1 = pi

(42-a)
2 2
2 m7c _ 2 m7c
2
Eh [m”j (43)
2 _ 2 L

w = @,

a

prh

Where Eq. (43) represent axial natural frequency for free vibration isotropic Euler-Bernoulli beam
resting on Pasternak foundation.

Or:
B=0
'.'1(2)w2(7j2+1(0)a)2_€h;(nzﬁj4_Kw _Kc[mLﬂjz:O (44-a)
: 3 4 2 (44-b)
R mwz[%) +1<°’w2=—b;g (—”“L”) +K, +K, [—m;)
2 4 2 44-c
a){l(z)(mj +1(0)}:E_}13(ﬂ) K +KG(m7rj (44-c)
L 12 L v L
Where:
1
19=ph 1®=—ph3
r 12p
3 4 2
B () oo ()
W = —
’ ph’ (mrx 2
12 Lz ) e

Where Eq. (45) represents bending natural frequency for free vibration isotropic Euler-Bernoulli
beam resting on Pasternak foundation.
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4. Numerical Results and Discussion

The examples are taken to observe the effects of changing spring constant (k,), shear constant (k¢)
and longitudinal wave number (m) on natural frequency (axial natural frequency w, and bending
natural frequency (wp). Where natural frequencies were computed for different values of the
parameters mentioned using MATLAB program. Also, the mode shapes are computed for different
values of longitudinal wave number (m).

The material of the beam is steel with the properties: (Young modulus of elasticity E=200 GPa and
density p=2860 kg/m?). In Euler-Bernoulli beam theory, the length of the beam (L) must be greater
than the height of the beam (h), this is very important in design and manufacturing of the Euler-
Bernoulli beam (L>h).

Fig. (3) Indicates the axial and bending natural frequencies for different values of the ratio L/h. The
parameters considered in this figure are: the length of the beam is proposed to be L=1 m, the height
h=0.1, thickness (width) b=0.1m and longitudinal wave number m=1. As it is noticed in the figure,
the bending natural frequency takes the shape of straight line and the axial natural frequency take the
shape of cosine wave. This due to the fact that the natural oscillation of the beam is occurred without
any external force or load.

104 MNatural Frequency (Axial & Bending)
4 : !
GG — -
3 '\-\ ————— Axial Matural Freguency
-~ = Bending Matural Frequency
Y
825t BN
= ~
= ~.
~
4-_-% 2F T
15} e
1 Tt
0.5 .
5 10 15 20

L/h

Fig. (3) Axial and bending natural frequencies versus ratio L/A.
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Fig. (4) Natural frequency versus ratio L/h for different m values. a) Axial natural frequency and b) Bending natural
frequency

Fig. (4) Shows the effect of various the value of longitudinal wave number (m) on natural frequencies
a) axial natural frequency and b) bending natural frequency. It's noticed that the natural frequencies
(axial and bending) take the shape of approximately curve wave lines, and the natural frequencies
increases as the value of m increases. Because in an elastic medium(beam) with rigidity, gives a
harmonic wave oscillation and as the value of (m) increases that leads to increasing natural frequency.
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Fig. (5) Natural frequency versus ratio L/h for various Kw. a) Axial natural frequency and b) Bending natural frequency
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Fig. (5) Indicates the influence of different spring constant Kw on the natural frequencies. In Fig. (5
a), it is observed that the axial natural frequency is not change as the value of the Kw change and have
the same curve for all values of Kw. This is due to that the parameter Kw has no effect on axial natural
frequency; where it is not involved in the calculation of axial natural frequency equation; as indicated
in Eq. (43). In Fig. (5 b) it is noticed that for small values of Kw (0, lell and 1el12) the bending
natural frequency decreases as the L/h ratio increases. For greater values of Kw (1el13 and 1el5) the
natural frequencies increases as the L/4 ratio increases (slightly in the case of 1e13 and considerably
in the case of 1el5). This is because with increasing the spring parameter (Kw), the beam gets stiffer
(more rigidity).

It is noticed in Fig. (5 b) that the values of Kw are very near in the cases (Kw=0, Kw=1ell, Kw=1el2
and Kw=1el3). A sample values are displayed in Table (1) where the values of bending natural
frequency (wp) are taken for different L/h ratio values. It is observed from Eq. (45) that (wp) is
proportional to Kw. These near values physically are because the stiffness (rigidity) of the beam
increase slightly, while in the case of (Kw=1¢15) the stiffness increase considerably.

Table (1) Near values of bending natural frequency versus ratio L/4 when changing Kw (N/m?).
L/h Kw=0 Kw=1ell Kw=1el2 Kw=1el3 Kw=1el5
5 0.0057¢6 0.0125¢6 0.0355¢e6 0.1111e6 1.1099¢6
10 0.0014¢6 0.0113¢6 0.0356¢6 0.1123¢15 1.1233¢6
12.5 0.0009¢6 0.0113e6 0.0356¢6 0.1125¢6 1.1250e6
16.67 0.0005¢6 0.0113e6 0.0356¢6 0.1126¢6 1.1263¢6
20 0.0004¢6 0.0113e6 0.0356¢6 0.1127¢6 1.1268¢6
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Fig. (6) Natural frequency versus ratio L/h for various KG. a) Axial natural frequency and b) Bending natural frequency
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Table (2) Near values of bending natural frequency versus ratio /4 when changing K¢ (N/m).
L/h Ke=0 Ke=1e7 K¢=2e7 K¢=3e7 Ke=5¢7
5 5.6565¢3 5.6993e3 5.7418e3 5.7840e3 5.8674¢3
10 1.4313e3 1.4742¢3 1.5158e3 1.5564¢3 1.6344¢3
12.5 0.9174e3 0.9600e3 1.0007e3 1.0399¢3 1.1141e3
16.67 0.5166e3 0.5585e3 0.5975e3 0.6341e3 0.7016e3
20 0.3589¢3 0.4002¢3 0.4376e3 0.4720e3 0.5343e3

In Fig. (6), the effect of various shears constant K¢ on natural frequencies (axial and bending). In Fig.
(6 a), it is observed that the axial natural frequency is not change as the value of the K¢ change and
have the same curve for all values of K¢. This is due to that the parameter K¢ has no effect on axial
natural frequency; where it is not involved in the calculation of axial natural frequency equation; as
indicated in Eq. (43). In Fig. (6 b) we noticed that the bending natural frequency decreases as the ratio
L/h increases and the curve take shape of cosine wave. This is because with increasing the spring
parameter (Kg), the beam gets stiffer (more rigidity).

It is noticed in Fig. (6 b) that the values of K are very near in the cases (K¢=0, Kc=1¢e7, Kc=2¢7,
Ks=3e7 and Ks=5¢7). A sample values are displayed in Table (2) where the values of bending natural
frequency (wp) are taken for different L/h ratio values. It is observed from Eq. (42) that (wp) is
proportional to K¢. These near values physically are because the stiffness (rigidity) of the beam
increase slightly.

Figure (7) indicates the axial and bending mode shapes. The parameters considered in this figure are:
the length of the beam is proposed to be L=1 m, the height h=0.1. As it is noticed in the figure, the
axial mode shape takes the shape of cosine wave and the bending mode shape take the shape of sine
wave. This due to that the beam material is steel and have high density (7860 kg/m?) and modulus of
elasticity (200 GPa), therefore, all these properties of steel material give the beam high rigidity. Fig.
(7) 1s plotted depending on Egs. (34) and (35).
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Figure (7) Axial and bending mode shapes versus L/h.
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In Fig. (8 a) the axial mode shape takes 'cosine-shape'. When changing the parameter (m), 'band width'
of wave increases as the parameter (m) decreases. In the other hand, Fig. (8 b) indicates that the
bending mode shape takes 'sine-shape'. When changing parameter (m), the 'band-width' of wave
increases as parameter (m) decreases. This due to that the beam material is steel and have high density
(7860 kg/m®) and Young modulus of elasticity (200 GPa), therefore, all these properties of steel
material give the beam high rigidity. Figure (8 a and b) is plotted depending on Equations (34) and
(35), respectively.
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Figure (8) Mode shape versus x when changing m. a) Axial mode shape and b) Bending mode shape

5. Conclusions

In this paper, free vibration of isotropic material Euler-Bernoulli beam resting on Pasternak elastic
foundation is considered. The governing equations of motion for isotropic material are derived
depending on Hamilton's principle and solved by a numerical method (Navier's method) for simply
supported boundary conditions. Navier's method gives accurate and exact solution. The derived
formulations were implemented successfully in MATLAB to investigate the effects of changing
spring constant (K), shear constant (K¢), longitudinal wave number (m), and slenderness ratio (L/h)
on natural frequencies (axial natural frequency and bending natural frequency). Natural frequencies
were computed for various values of the parameters mentioned using MATLAB. The beam was
considered to be made of steel.

The numerical results show that increasing the longitudinal wave number (m) increases both the axial
and bending natural frequencies while producing higher-order mode shapes with additional nodal
points. The natural frequencies are generally reduced when increasing the slenderness ratio (L/h)
because of the reduction in structural stiffness. The spring constant (X,,) notably improves the bending
natural frequency, specially at high stiffness values, while it has no effect on the axial natural
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frequency. Also, the shear constant (K¢) influence only the bending frequency. This means that the
foundation is what primarily determines the transverse vibration characteristics of the beam.

Generally, the results obtained are consistent with the theoretical behavior of Euler-Bernoulli beams,
and prove that the proposed analytical formula provides an accurate and effective tool for predicting
the free vibration characteristics of beams resting on Pasternack foundations. The developed
formulation can serve as a reliable basis for future research addressing advanced beam theories,
Functionally Graded Materials (FGM), nanobeams, and viscoelastic foundation models.

References
1. S. S. Rao, Mechanical Vibrations, 6th ed. Upper Saddle River, NJ, USA: Pearson, 2018.

2. O. A. Bauhau and J. 1. Craig, Structural Analysis: With Applications to Aerospace Structures.
Berlin, Germany: Springer, 2009.

3. A. P. S. Selvadurai, Elastic Analysis of Soil-Foundation Interaction. Amsterdam, The
Netherlands: Elsevier Scientific Publishing Company, 1979.

4. W. Q. Chen, C. F. Lij, and Z. G. Bian, "A mixed method for bending and free vibration of beams
resting on a Pasternak elastic foundation," Applied Mathematical Modelling, vol. 28, no. 10 pp.
877-890, 2004, doi: 10.1016/j.apm.2004.04.001.

5. L. Peng, and Y. Wang, "free vibrations of beams on viscoelastic Pasternak foundations," Applied
Mechanics and  Materials, vols. 744746,  pp. 1624-1627, 2015, doi:
10.4028/www.scientific.net/amm.744-746.1624.

6. W. K. Bezerra, L. S. Soares, and S. S. Hoefel, "Free vibration analysis for Euler-Bernoulli beam
on Pasternak foundation," in Proc. 24th ABCM Int. Congr. Mech. Eng. (COMBEM), Curitiba,
PR, Brazil, Dec. 2017.

7. Y. Xu, and N. Wang, "Transverse free vibration of Euler—Bernoulli beam with pre-axial pressure
resting on a variable Pasternak elastic foundation under arbitrary boundary conditions," Latin
American Journal of Solids and Structures, vol. 17, no. 7, Jan. 2020, doi: 10.1590/1679-
78256150.

8. W. Abbas, O. Bakr, M. Nassar, M. Abdeen, and M. Shabrawy, "Analysis of tapered Timoshenko
and Euler—Bernoulli beams on an elastic foundation with moving loads," Journal of Mathematics,
vol. 2021, Art. No. 6616707, pp. 1-13, Apr. 2021, doi: 10.1155/2021/6616707.

9. Y. Wang and Y. Kiani, "Effects of initial compression/tension, foundation damping and Pasternak
medium on the dynamics of shear and normal deformable GPLRC beams under moving load,"
Materials Today Communications, vol. 33, Art. No. 104938, 2022, doi:
10.1016/j.mtcomm.2022.104938.

176

International Journal for Scientific Research, London Vol (5), No (8), 2026
https://doi.org/10.59992/1JSR.2026.v5n8p9 E-ISSN 2755-3418



https://doi.org/10.59992/IJSR.2026.v5n8p9

International Journal for
Scientific Research (IJSR)

daalad) o ganll 4 gal) Adaall

Vol. (5), No. (8) August 2026 (8) sua)t ¢(5) Hluu

10. G. Kanwal, R. Nawaz, N. Ahmed, and M. Alkinidri, "Effects of shear deformation and rotary
inertia on elastically constrained beam resting on Pasternak foundation," Physica Scripta, vol. 98,
no. 6, Art. No. 065017, 2023, doi: 10.1088/1402- 4896/acd482.

11. P. Jiand Z. Yin, "Hermite finite element method for vibration problem of Euler-Bernoulli beam
on viscoelastic Pasternak foundation," Engineering, vol. 16, no. 10, Oct. 2024, doi:
10.4236/eng.2024.1610025.

12. Y. Yaniutin, A. Voropay, S. Povaliaiev, A. Sharapata, and O. Matviyenko, "Vibration of a beam
on a Pasternak foundation under the action of moving loads," Journal of Engineering Sciences,
vol. 12, no. 2, pp. D1-D8, 2025, doi: 10.21272/jes.2025.12(2).d1.

13. J.N. Reddy, Energy principles and variational methods in applied mechanics, John-Wiley & Sons
Inc., 2002.

177

International Journal for Scientific Research, London Vol (5), No (8), 2026
https://doi.org/10.59992/1JSR.2026.v5n8p9 E-ISSN 2755-3418



https://doi.org/10.59992/IJSR.2026.v5n8p9


   ( 𝜌 ) ,


  𝛿   W  e x t = −  1 2  ∫   [ F  ( x ) 𝛿 w  ( x ) + 𝛿 F  ( x )   w ( x ) ] d A


  𝛿   W  e x t = −  1 2  ∫   [   F  e x t  ( x )   𝛿 w ( x , t ) ] b d x
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      𝜕 u  𝜕 x = 0


      𝜕 u  𝜕 x = 0


  u  ( x , t ) =   ∑  m = 1 , 2 ∞    U  m  cos ⁡   (   m 𝜋 x  L )   e  i 𝜔 t      
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