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Abstract

Families of disjoint sets colouring (partitioning) technique is trial to unify and
generalize all types of colouring such as edge colouring, vertex colouring, and face
colouring. The concept of standard of partitioning edges into colour classes is
essential concept to follow and understand families of disjoint sets colouring
(partitioning) technique. In this paper, we introduce some examples of standard of
partitioning, and introduce some results of partitioning edges. Some of these results
explain importance of standard of partitioning related to subgraphs, and some results
related to maximum number of edges belongs to each colour class. Also, we
introduce results of partitioning edges related to quasi non common edges. Here we
list some properties related to standard of partitioning edges into colour classes.

Keywords: Minimum Colour Classes, Standard of Partitioning Edges.
I. Introduction

In paper [4], we introduce families of disjoint sets colouring technique as trial to
unify and generalize all types of colouring such as edge colouring, vertex colouring,
face colouring and set colouring (set partitioning). Concept of common object is
essential concept for families of disjoint sets. In papers [12], [13], [14] and [16] we
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introduce the concept of common set, common edge, common vertex and common
face respectively. In papers [5], [6], [7], [8], [9], [10] and [11] we introduce some
concepts which had been modified later in papers [12], [13], [14] and [15], such as
minimum number of colour classes, maximum number of colour classes, and
standard of partition.

In section three of this paper, we introduce some examples of standard of partitioning
edges into colour classes. In section four we introduce some results comparison
between standard of partitioning edges of a graph and standard of partitioning edges
of its subgraphs. In this section also we introduce concept of quasi non-common
edge, and some results related to this concept and concept of standard of partitioning
edges. In section five we introduce some results explain some properties of standard
of partitioning edges into colour classes, properties related to maximum degree of
vertex. In section six we introduce some results about relation between maximum
number of edges belongs to each colour class, and standard of partitioning edges into
minimum number of colour classes. In section seven we introduce some results
partitioning edges into minimum number of colour classes, when vertices of graph
satisfy certain conditions.

1. Related Work

Definitions and results in this section will be needed through this paper.

Proposition 2.1. LetG be a graph of k edges e,.e,.e;....e. andv,,v,,v,....,v, are proper
vertices of these k edges, with maximum degree of vertex equaln, where2<n,and

there is vertex of degree equal two. If all edges (common edges and non-common
edges) partitioned intom colour classes, then the number of colour classes appear w
times atv,,v,,v,....,v, not more than two [13].
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Definition 2.2. Let G be a graph of k common and non-common edges e, e,.e;.....e
(common between proper verticesv,,v,.v;.....v,, ), let these kedges partition intom

colour classes, then thesem colour classes are called minimum colour classes, if
whatever we try to partition thesek edges intom—1 colour classes, there exist at least
two adjacent edges belong to the same colour class[15].

Definition 2.3. Let G be a graph of common and non-common edges e.e,.e;.... &
(common between proper verticesv,,v,,v,,...,v,, ), thesek edges partition into m colour

*

classes . ;s #sve-s Zm: ifw be minimum number of proper verticesv, v, v, ,..,v,.” of
common edgese, e, ,e; ...e,. ,satisfiesw” +1<t, +t;, for any two colour classesy and

7, then the verticesv,",v,v,",..,v.. called standard of partition these k™edges into
minimum m colour classes, wheret;and t;be number of times the colour classes x;
and y,appears at thesew respectively, where k" <k, w <w,v'cv, E'CE,
E={e,.e, 60} E ={e &, & e BV =40V, Vo VBV ={V, v, Vg v

1<i< j<m. Thesem colour classes are called maximum colour classes, if whatever

we try to partition thesek edges into m+1 colour classes, there exist two colour
classesz; andy;such that t, +t, <w’, wherel<i< j<m+1 [15].

Remark: 2.4. By proper vertex we mean vertex with degree equal one, when we deal
with edge colouring. From definition of clique and proper clique there is no clique
with cligue number equal one, when we deal with vertex colouring. From definition
of intersection and proper intersection there is no intersection with degree of
intersection equal one, when we deal with set partitioning.

Proposition 2.5. Suppose we have common edges e,.e,.e,.....e andv,v,,v,,... v, are
proper vertices of these k edges, with maximum degree of vertex equal n, suppose all
edges (common edges and non-common edges) partition intom colour classes
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X X2 X3 X fOF @ny two colour classes y; meet y; at thesew vertices, if t,t;be
number of times the colour classes y;, x,appear at thesew vertices respectively,

where thesew vertices is standard of partition of all edges (common edges and non-
common edges) intom colour classes, then we have

. W+l . . .
(i)w+1<t +t; forw odd or even. (")T+ <t, <w(If there is special case existence of

w-1. .
colour class y, such that2<t, < - it will be only one colour class) forw odd, where
I1<i<j<m.

W+ 2

<t, <w(If there is special case existence of colour class z such that
2<t, sg it will be only one colour class) forw even, where 1<i < j <m.(iv) If there

. -1
exist two colour classes 4, », such that t, <t < WT forw odd ort, <t; < gforw even,
then » and 4, they will form only one colour class[14].

Proposition 2.6. Suppose we have common edges e,e,.e;,....e andv,,v,,v,,..., v, are
proper vertices of these k edges, with maximum degree of vertex equal n, suppose
these kedges and non-common edges partitioned intom colour classes
X X0 Xare Xmo lADElled by 1,2,3,...,m, and if t;be number of times the colour class %
appear at thesew vertices, and for all1<i<m,1<1<k, 1< j<w andk, is number of non-

common edges, then we have 3t = k1+zk:Wi :kl+zk:ci —k+2k=Yd(v,). [13]
i=1 i=1 i=1 j=1

Proposition 2.7. Let G be a graph of kcommon edges e, e, ,e......e, , these k common
edges intersect at vertices v,,v,,v,,...,v,,, With maximum degree of vertex equaln, and
be partitioned into m minimum colour classes, if we add only one non common sets,
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without changing maximum degree of vertices, and without addition of any proper
vertex, only degree of one proper vertex changes, then these k common edges and
non-common edges can be partitioned intom minimum colour classes [13].

Proposition 2.8. Let G be a graph of kcommon edgese,,e,,e;,....e , these kcommon
edges intersect at vertices v,,v,,v,,...,v,,, With maximum degree of vertex equaln, these

edges (common and non-common edges) can be partitioned into m colour classes, if
we remove only one non common edge, without changing maximum degree of
vertex, and without removal of any proper vertex of v,v,,v.,..,v,, then after this

removal, common edges and non-common edges partitioned into m minimum colour
classes [13].
Theorem 2.9. The sum of degrees of vertices equals twice the number of edges [1].

Definition 2.10. A clique of a graph is a maximal complete sub graph. A clique
numbern of a graphG is largest number such that is a subgraph K, ofG [14].

lii. Some Examples for Standard of Partition

In this section we introduce some examples of standard of partition edges into colour
classes.

Remark 3.1. Let G be a graph of kedges e,,e,.e,....e, and these k edges intersect at
w proper vertices v,,v,,v,,...,v,,, With maximum degree of vertex equaln, if theses k
edgese,,e,,e,,... e, partitioned into m minimum colour classes 4, x,, zs..... x.,. |abelled
by1.23,..., mrespectively. Also, thesesk edges can be labelled by123,.. k

respectively. So, we have two types of labelling. First labelling a vertex and an edge
by labels of colour classes, second labelling a vertex and an edge by labels of edges.
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Example 3.2. Let G be a graph of three common edgese,,e,,e, and three vertices
v;,V,, Vs, all vertices of degree two. These edges are partitioned into three minimum
colour classes #,, 7., 75, €ach colour class consists of one edge.

The edgee, is common betweenv, andv,, so we can used the symbole, =(v,v,),or the
symbol {&}={v,,v,}.
1 ={e}={v,,v.}-

X2 = {ez} = {Vz ) V3}-
X3 = {63} :{Vs ’ Vl}'

Wheret, is appearance of colour class y, atwverticesv,,v,,v,is satisfy definition of
standard of partitionw=3,t, =t, =t, =2,wherew+1<t, +t;, t,is appearance of colour
class y, atwvertices and 1<i< j<3.

Example 3.3. LetGbe a graph of five non-common edgese,,e,,e,,e,, 6, and Six
verticesv,,v,,vs,..., Vg, , all vertices of degree oned(v,)=d(v,)=d(v,) =d(vy) =d(vs) =1,
except one vertexv,, d(v,)=5, these edges partitioned into five colour classes
T Yo X2 Xar Xs-Standard of partition consists of one vertex of standard of partition v,.

Remark 3.4. LetGbe a graph ofk common edges andv,,v,,v,,..,v, are common
vertices of these k edges, with maximum degree of vertex equaln, if thesek edges
partitioned intom minimum colour classes, where m=n, then any vertex of degree
n is standard of partition, see Example 3.2. And Example 3.3.

Example 3 .5. LetG be a graph of one common edgee,, e is common between v,and
v,, eight non common edges e,e,e,,.. e, and ten verticesv,v,,v,,.., vy,
d(v,) =d(v,) =5, d(v,) =d(v;) =d(v,) =d(v5) =d(vs) =d(v,) =d(vy) =d(v,) =1. The edgee,is
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common betweenv, andv,,,so we can used the symbole =(v;,v,,), or the symbol
{ed={vi.vio} {83 ={v, v}, {&} ={vi. o} {3 ={vi, v} {es} ={vi, s}, {es} ={vio. Vel
{&,}={vyo, vV, } {83 ={Vy0, Ve }, {63 ={Vy0, Vo }- These nine edges partitioned into five colour
classes 7, ¥, X=» Xa» 25, S follows:

X1 ={e1}={V1’V10}1
X2 :{e21ee}={V11V21V61V10}-
X3 :{63, 67}:{V1,V3,V7,V10}.

Xa=1e,, 83 ={v,,v,, Vg, V,p }-

s ={es, e} ={v;, V5, Vg, Vo }

We have three standards of partition consists{v,}, {v,,.} and{v,,v,,}. Let {v,}be standard
of partition, then we have t=1t,=1t=1t,=1t=1Let {v,}be standard of
partition, then we have t =1t,=1t=1 t,=1t=1Let {v,v,}be standard of
partition, then we have t, =2,t,=2,t,=2,t,=2, t; =2.In case standard of partition{v,}
we havew=1, Iin case standard of partition{v,,}we havew=1,and in case standard of
partition{v,,v;,} we havew=2, in each case we havew+1<t, +t;, where 1<i< j<5.

Example 3.6. Let G be a graph of five common edgese,,e,,e,,e,,e; and three vertices
Vi, V,, Yy, , d(v,) =4andd(v,) =d(v,) =3. The edgese,,e,are multiple edges both common
betweenv,,v,. The edgese,,e,are multiple edges both common betweenv,,v,. The
edgee,is common betweenv,,v,. These five edges partitioned into five minimum
colour classes y, 7,, x5, x4: 75, €ach colour class consists of one edge.

1n={e}={,v.}
2, ={&}={v,v,}.
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Xs ={&:}={v;,V;}.
Xa :{64}:{V1,V3}.
Xs :{es}:{vziva}-

t=t,=t,=t,=t, =2, Wheret,is appearance of colour classy, atwverticesv,,v,,v,,
w=3,and 1<i< j<5.

The verticesv,,v,, v, satisfies definition of standard of partition wherew+1<t; +t,.

Example 3.7. Let Gbe a graph of seven common edges and five vertices
v, V,, V5, V,, Vs, all vertices of degree three and one vertex of degree two. These seven

edges partitioned into four minimum colour classes y,, ., 7., x., €ach colour class of
X X2 X5 CONSists of two edges, the class y, consists of only one edge, this common
edge belongs alone to the colour class y,. We used the following symbol y, ={e,,e,},
7, ={&,.6,}, 1 ={&s.&}, x. ={e,}. The edgee is common betweenv, andv,, S0 we used
the symbole ={v,,v,}, or symbole =(v,v,). We continue with same labels and we
write:

7 =188 ={(vi,V,), (V5 V) 3 ={Vy, V5, Vg, v, -

X2 =1{85,€,3={(V,,V5), (V4 Vs) }={V,, V5, vy, Vs }-

X3 =185, 863 ={(V1,V5), (V5. V) }={V1, Vs, V,, v, ;-

Xo =163 ={(Vs,V5)} ={V;,V}-

t=t,=t, =4, t,=2, Wheret,is appearance of colour class y, atw verticesv,,v,,v,,V,,V;,
w=5and 1<i< j<4. the verticesv,,v,,v,,v,,v;,satisfies definition of standard of
partition wherew+1<t, +t;.
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Example 3.8. Let G,be a graph of seven common edges and five vertices
v, V,, V5, V,, Vs, all vertices of degree three and one vertex of degree two. These seven
edges partition into four minimum colour classesT;,,T,,T5,T,, each colour class of
I,,1,,T, consists of two edges, the classT, consists of only one edge, this common
edge belongs alone to the colour classT,.We used the following symbolT, ={e,,e,},
L, :{e21e4}’ Fs :{65’66}1 1—‘4 2{67}.

rl ={el,63}2{(V5,Vl),(VZ,V3)}={V5,V1,V2,V3}.

L, :{ez’e4}:{(V11V2)’(V31V4)}:{V1’V21V31V4}-

Iy :{e5ves}:{(V51V4)a(Vl’Vs)}:{Vs’V4’V1'V3}-

1H4 :{97}:{(V2'V4)}:{V2’V4}-

LetG,be a graph of three common edgese;,e,,e,,, and four non common edges
e,,61,6,, 64, fOur proper verticesvg,v;,Vv,,vs, and four non proper verticesv,,vy,,V;,,Vys,
where e, is common edge betweenv, andyv,. e,is common edge betweenv, andv,, e,
IS common edge betweenv,andvy, e, iS non-common edge betweenv, andv,, e, s
non-common edge betweenv, andv,,, e;;is non-common edge betweenv, andv,,, e, IS
non-common edge betweenv, andv,,. The seven edges ofG, partitioned into three
minimum colour classesV¥,, ¥, ¥,, We joinv, in G;t0 v,inG,,then we have
d(Vl) = d(Vz) = d(V3) = d(V4) = d(Vs) =d (Ve) = d(V7) = d(Vs) =3,and

d(Vg) = d(Vlo) = d(Vn) = d(V12) =1

Common betweeny, andv,, so we used the symbol e, ={v,,v,}, or symbole, = (v,,v,). we

continue with same notations and we write:

lPl = {eg ) e14} = {(Ve ) V7)’ (V8 1 Vlz)} :{Ve V7, Vg, Vlz}'
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W, ={e;,€,,, . ={(V5,Vg), (V5, V), (Vg, Vi) }={Vs, Vg, V5, Vg, Vg, Vi, }-

W, ={ey, et ={(Ve, Vg), (V5,Vio) } ={Ve, Vg, V5, Vo -

LetG=G,UG,and all edges partitioned into four colour classes y,, 7, xs ., Where
n=LUY, r,=T,UY,, r,=;UY¥,, andy,=T,. If we consider these eight proper
verticesv,,v,,Vv,,V,,Vs,Vs,V;,V,  Standard of partition, then we havew=8, and
t =t,=7,t, =8, t, =2,then these eight proper vertices satisfy condition of standard of
partition, w+1<t, +t;, where 1<i< j<4.

Example 3.9. Let G be a graph of twelve edges, eleven common edges and one edge
IS non-common edge, ten vertices, d(v,)=d(v,)=d(v;)=d(v,)=d(v;) =3,
d(vg) =d(v,)=d(vg) =d(v,) =2,andd(v,) =1. we partition all edges into four minimum
colour classes y,, 7, x5, x4, as follows:

P2 CHTCNEN S { (A N (ZA R (VA N (TR} 5 (AR VARVARVARVARVARYA §
72 ={85.84,€5, 80,8 ={(V1, V), (Va, V), (Vs Vi), (V3 V), (Vg Vig) 3 =43,V Vi, Vy Vi, Vi, Vi, Vi, V, V-
X3 =185, 863 =1{(Vs,Va), (Vi Va)} ={Vs, Vi Vi, V-

Xa =183 =1(v, )} =1V, v}

From Remark 2.7. Any vertex of degree one can’t be included in standard of
partition. If we consider v,,v,,v,,V,,Vs,Vs,V,, Vg,V IS Standard of partition, then we have
w=09, andt, =8,t,=9, t;=4, and t, =2, butt, +t, =6 <w=9, this contradicts Proposition
2.8. Therefore we consider v,,v,,v,,v,,v;is standard of partition, then we havew =5,
andt,=4,t,=4,t,=4, t,=2, andw<t, +t; where 1<i< j<4.

Of I,,T,,T; consists of two edges, the classT, consists of only one edge, this common
edge.
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IV. Partitioning of Graph and Subgraph into Colour Classes

In this section we introduce some results related to method of finding minimum
number of colour classes for edge coloring, see Proposition 4.1. [15]. we also
introduce concept of quasi-non common edge, and introduce some results related to
this concept.

Remark 4.1. Families of disjoint sets colouring technique using concept of minimum
number of colour classes and concept of maximum number of colour classes, if it is
mentioned partitioned into colour classes it means partitioned into minimum colour
classes.

Proposition 4.2. SupposeG, is a subgraph of a graphG,, G, be a graph ofk edges
e,6,6,..,6, and G, be a graph ofl edgese, e,,e;,,....€.€.., 8., €, Where k <I, each
of G, andG° with maximum degree of vertex equal n, whereG, UGS =G,. If thesek
edges  partitioned  intom minimum  colour classes and the edges
€,€,,65,, €, €11, 8100 € PArtitioned intom minimum colour classes, thenn<m <m.

Proof: LetG,be a graph ofl edgese,e,,e;,....&, € 1,6.,€, and thesek edges
e,8,,6,,.., € partitioned intom minimum colour classes z,, 7, s x,,- Any one of the
edgese,.,,&.,.-- & either belongs to one of classes y,, z,, 73, 7, OF does not belong
to any one of classes y,, 7,. ..., . Therefore either thesel edges partitioned intom,

minimum colour classes or thesel edges partitioned into minimum number of colour
classes greater thanm,, thenm <m, since G, with maximum degree of vertex equaln,
and since G°with maximum degree of vertex equaln, then we have n<mandn<m.
Thereforen<m <m.

Proposition 4.3. SupposeG, is a subgraph of a graphG,, G, be a graph ofk edges
€,6,,8,.., 8, and G, be agraph of | edgese,,e,,e,,..., &,6.1, €., &, Where k <1, G,each
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of G, andG with maximum degree of vertex equaln, whereG, UG =G,. If thesel
edges partitioned intom, minimum colour classes, and the edgese,e,,e;,... €
partitioned intom minimum colour classes, thenn<m<m,.

Proof. LetG,be a graph ofk edgese,e,e,,...e, andG, be a graph ofiedges
€,€5,5,, 8,81, €100 €, SUPPOSE theseledges partitioned intom, minimum colour
Classes z,, 75, #ar- 2, - 1T thesek edgese, e, e;,....e, partitioned intom minimum colour
classes, then either e,e,,e,,...e belongs to the classes z, z,, x3.... 7, OF belong to
some of classes x, 7,, x5 2. then we havem<m,, since G, with maximum degree

of vertex equaln, then we haven<m, and since G, with maximum degree of vertex
equaln, then we haven<m,. Thereforen<m<m,.

Definition 4.4. LetGbe a graph of edges e.e,.e,....e andv,v,,v,,..,v, are proper
vertices of these k edges, andG =G, UG,, such thatG, consists of k,edges andw, proper
vertices, andG, consists of k,edges andw, proper vertices, where k +k, =k, an edge
g incident betweenv, andv,, where v, e(GNG,), 1<I<k,1<i<j<w, after
disconnection of G, andG,, we have v, G, and a(e)=1, wherea(e) is appearance
of the edgee, atw, proper vertices, then the edge e, is called quasi non common edge
w.r.t. G,

We introduce the following proposition without proof, since proof is direct from
definition of quasi non common edge and using Proposition 2.8.

Proposition 4.5. Let G=G,UG,,and ¢ be quasi non common edge w.r.t. G,. after
disconnection of G, andG,, then e will be non-common edge in G..

Proposition 4.6. LetGbe a graph of edges e.e,.e;....e andv,,v,,v;,...,v, are proper
vertices of these kedges, andG=G,UG,,such thatG, consists of k edges and
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V.V, Vs,V @re proper vertices of these k edges, with maximum degree of vertex
equaln, if the edge e, is quasi non common edge w.r.t. G, 1<I<k;,andv,v,,v,,...v, IS
standard of partition these k,edges into m minimum colour classes, where n+1<m,
if we remove e fromG, thenG, —¢, partition into m minimum colour classes.

Proof: Let G, consists of k edges partitioned into m minimum colour classes. Let e,
be quasi non common edge w.r.t. G, from definition of quasi non common edge G,
IS a graph, withe, is non common edge, if we using Proposition 2.8. ThenG, —¢,
partitioned into m minimum colour classes.

V. Some Results Related to Maximum Degree of Vertex

In this section we introduce some results explain some properties of standard of
partitioning edges into colour classes, properties related to maximum degree of
vertex.

Proposition 5.1. LetGbe a graph ofk common edges andv,,v,,v,,..,v, are proper
vertices of these k edges, with maximum degree of vertex equaln, where2<n, IfG
is simple graph thenn <w, and if is multiple graph thenw<n andn <w.

Proof: Let G be simple complete graph, from definition of complete graphn <w. If
we remove edges of G such that number of vertices remain fixedw, and maximum

degree of vertex remains fixedn, such that the remaining edges all are common, and

w vertices are proper vertices of these remaining edges, thenG simple and n<w. Let
G be a complete graph, then n <w, if we add edges to G such that number of vertices

remain fixedw, then G become multiple graph andw<n. LetG be a graph ofk edges
€,6,,6,,...6 andv,v,,v,,.,v, are proper vertices of these k edges, where n+2<w.If
we add an edgee, ,, incident betweenv, andv,, where the edgee, also incident between

279

International Journal for Scientific Research, London Vol (4), No (3), 2025
https://doi.org/10.59992/1JSR.2025.v4n3p12 E-ISSN 2755-3418



https://doi.org/10.59992/IJSR.2025.v4n3p12

International Journal

¢ gaall 4 gal) ddaall

for Scientific Research dualall
(LJSR)
Vol. (4), No. (3) March 2025 (3) 2aadl ¢(4) ylauaY!

v, andv,, then G become multiple graph wheren+1< w, therefore G is multiple graph
andn <w.

ass

Proposition 5.2. LetG be a simple graph ofk common edges andv,,v,,v;,...,v,, are
standard of partition of these k edges, with maximum degree of vertex equal n, where

w isodd, andn is even, if these k edges partitioned into n+1minimum colour classes,
then there exist at least three vertices each of degree n, and remaining vertices each

of degreen—1, with conditionw<n+1.

Proof: Suppose there is only one vertex of degreen, then we have
id(vj)=n+(n—1)(w—1), using Proposition2.6. And definition of standard of
j=1

partition, we have (w-1)n+2<(w-Dn+2x=n+(n-1)(w-1), then we havew+1<n,
this contradicts Proposition 5.1. Suppose there are two vertex of degreen, then we
have (wW—1)n+2 < (w—-1)n+2x=2n+(n-1)(w-2), then we havew<n, this contradicts
Proposition 5.1. Therefore the result not holds only one vertex of degreen, and not
holds for two vertices of degreen. Suppose there are three vertices of degreen, then
(W=Dn+2<(w-1n+2x=3n+(n-1)(w-3), then we havew<n+1. Therefore the result
not holds.

Proposition 5.3. LetG be a simple graph ofk common edges andv,,v,,v,,..,v,, are
standard of partition of these k edges, with maximum degree of vertex equal n, where

w is odd, andn is odd, if these kedges partition inton+1minimum colour classes,
then there exist at least four vertices each of degree n, and remaining vertices each of

degreen -1, with conditionw<n+2.
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Proof t: Suppose there is only one vertex of degreen, then we have
Ewld(vj)zn+(n—1)(w—1), using Proposition 2.6. And definition of standard of
j=1

partition, we have (w-)n+2<(w-Dn+2x=n+(n-1)(w-1), then we havew+1<n,
this contradicts Proposition 5.1. Suppose there are two vertex of degreen, then we
have(w-1D)n+2<(w-1Dn+2x=2n+(n-1)(w-2), then we havew<n, this contradicts
Proposition 5.1. Therefore the result not holds only one vertex of degreen,and not
holds for two vertices of degreen. Suppose there are three vertices of degreen, then
(wW=Dn+2<(w-)n+2x=3n+(n-1)(w-3), then we havew<n+1, this contradicts

Proposition 5.1. and since both wherewandn are odd, we have to show w<n+2.
Therefore the result not holds for three vertex of degreen. Suppose there are four
vertices of degreen, then we have (w—-1)n+2 < (w-1)n+2x =4n+(n-1)(w-4), then we

havew<n+2. Therefore the result holds.
The Following Two Examples Satisfying Proposition 5.3.

Example 5.4. Let G be a graph of 16common edges, and 7 vertices, four vertices
each of degree 5,and three vertices each of degree 4. These 16edges partitioned into
6 minimum colour classes.

Example 5.5. Let G be a graph of 15common edges, and 7 vertices, three vertices
each of degree 5, three vertices each of degree 4, and one vertex of degree 3. These
15edges partitioned into 5minimum colour classes.

The following two examples satisfying Proposition 5.2.

Example 5. 6. Let G be a graph of 19common edges, and 7 vertices, three vertices
each of degree 6,and four vertices each of degree 5. These 19edges partitioned into

7 minimum colour classes.

281

International Journal for Scientific Research, London Vol (4), No (3), 2025
https://doi.org/10.59992/1JSR.2025.v4n3p12 E-ISSN 2755-3418



https://doi.org/10.59992/IJSR.2025.v4n3p12

International Journal

¢ gaall 4 gal) ddaall

for Scientific Research dalel)
(LJSR)
Vol. (4), No. (3) March 2025 (3) 2aadl ¢(4) ylauaY!

Example 5.7. Let G be a graph of 18common edges, and 7 vertices, two vertices each
of degree 6, four vertices each of degree 5, and one vertex of degree 4. These 18

edges partitioned into 6 minimum colour classes.

The following proposition is generalization of proposition 5.2 and Proposition 5.3.
The proof is the same as in proposition 5.2 and Proposition 5.3.

Proposition 5.8. LetGbe a simple graph ofk common edges andv,,v,,v;,...,v, are
standard of partition of these k edges, with maximum degree of vertex equal n, where

w is odd, if these kedges partitioned inton+1minimum colour classes, then there
exist at least x vertices each of degreen, and remaining vertices each of degreen-1,

with conditionw < n+ (x - 2).

V1. Some Results Related to Maximum Number of Edges Belgon to
Colour Class

In this section we introduce some results about relation between maximum number
of edges belongs to each colour class, and standard of partitioning edges into
minimum number of colour classes.

Example 6.1. LetGbe a graph ofk common edges andv,,v,,v,,..,v, are proper
vertices of these k edges, with maximum degree of vertex equaln, wherew is odd, n
is even, andv,,v,,v,...,v,, IS standard of partitioning these k edges into n+1minimum

colour classes, if > d(v;)=n(w-1)+2x where2x<n. We want to delete all edges of
j=1

the graph G,step by step, such that in each step we delete %(w—l)edges, and each
one of w-1 vertices of maximum degree reduced by one. Since nis even, using

Proposition 4.2. then there exist at least three vertices each of degreen.In the
following table we explain each step. Suppose thesek common edges partitioned into
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m minimum colour classes y,, 7,, xs.- ¥,,- the table below satisfies Theorem2.9. If
number of vertices is odd and degree of vertex is odd.

Before Removal of a colour After Removal of a colour Class 7,
Class y;
Removal of y, 3 vertices each of degreen (w —1-3) vertices each of degree (n —1)

Removal of , 4 vertices each of degreen —1 (w —1—4) vertices each of degree (n — 2)
Removal of y, | Svertices each of degreen —2 (w —1-5) vertices each of degree (n —3)

Removal of y; i + 3vertices each of degree (w—1—1i—3)vertices each of degree
n+1—i (n—i)

Removal of y, n+ 3vertices each of degree (w—1—n—3) vertices each of degree zero
n+l-n

Removal of y,,, | n—1+3vertices each of degree | (w—1— 3) vertices each of degree (n —1)
zero

From definition of common edges and proper vertices, directly can introduce the
following remark.

Remark 6.2. LetG be a simple graph ofk common edges andw vertices are proper

vertices of thesek edges, andw is odd. If we remove %(w—l) edges, each two of

them are not adjacent, thenw—1vertices its degree reduced by one.

Proposition 6.3. LetG be a simple graph ofk common edges andv,,v,,v;,...,v,, are
proper vertices of these k edges, with maximum degree of vertex equaln, wherew
is odd, if we remove edges step by step, using n+1steps, such that at each stepw-1

vertices its degree reduced by one, and at each step we remove %(W—l) edges, before

final removal every vertex either of degree one or degree zero,(at least one vertex of
degree zero). Then these k edges partitioned into n+1minimum colour classes, and
v, V,, Vs, v, are standard of partition thesek edges into minimum colour classes.
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Proof: From Remark 6.2. Removing of %(w—l) edges reduced degree of each one
of thesew—1vertices by one, then every two of these %(W—l) edges are not adjacent,

then all these %(w—l) edges can form one colour class. At final step suppose remove

x edges, and these xedges can form one colour class. This satisfies conditions of
Proposition 4.1. [15] Then these k edges partitioned into n+1minimum colour
classes. Since t =t,=t,=..=t,=w-1andt,.,=2x, where2x<w-1, and since

Vy,Vp, VgV, Satisfies w+1<t +t;, where 1<i< j<n+1thenv,v,,v,..v, are standard
of partition these k edges into minimum colour classes.

Proposition 6.4 LetGbe a graph ofk common edges andv,,v,,v,,...v, are proper
vertices of these k edges, with maximum degree of vertex equaln, wherew is odd,

andv,,v,,v,,.., v, are standard of partition these k edges, if zwld(vj) =n(w-1)+2, and if
j=1

these «k edges partitioned into n+1minimum colour classes, then
t1=t2=t3=_"=tn=W—1,andtn+1=2_

Proof: Suppose these n+1 colour classes y;,x,, ¥ 241, labelled by1,23,..,n+1

respectively. Supposed(v,) =d(v,) =d(v,) =...=d(v, ,) =n, d(v,) =2, and
v, =(123..,n), v,=@23..,n-1n+1),v,=(nn+1),where 2<i<w-1then we have
t=t,=t,=..=t,=w-1andt,,, =2, this means v,,v,,v,..,v,, are standard of partition

and there are n+1 minimum colour classes.

Supposed(v,) =d(v,) =d(v,) =..=d(v,,)=n, d(v,) =2, andv; =(1,23,...n),
v, =(123,....,n-1,n+1),v, =(nn+1),where2< j<w-1, before changing degree of all
vertices. Suppose there is an edge incident betweenv, andv,belongs to the colour

284

International Journal for Scientific Research, London Vol (4), No (3), 2025
https://doi.org/10.59992/1JSR.2025.v4n3p12 E-ISSN 2755-3418



https://doi.org/10.59992/IJSR.2025.v4n3p12

International Journal ¢ gaall 4 gal) ddaall

for Scientific Research dualall
(LJSR)
Vol. (4), No. (3) March 2025 (3) 2aadl ¢(4) ylauaY!

class y;,wherel<i<n+1 we change this edge to be incident betweenv, andv, such
that all edges atv, not adjacent to this edge. The following condition satisfy changes
of degree for all vertices: d(v,)=n-p;,d(v,)=2+p+p,+p;+..+ P, Where
1<j<w-1, and 0<p,<n-2. Since degree of vertices changes but labels of any
colour class remain fixed, then we have t, =t, =t,=..=t, =w-1 andt,,, = 2.

We introduce the following proposition without proof, it is a generalization of
Proposition 6.4.

Proposition 6.5. LetG be a graph ofk common edges andv,,v,,vs,...,v, are proper
vertices of these k edges, with maximum degree of vertex equaln, wherew is odd,

andv,,v,,v,..., v, are standard of partition these k edges, if > d(v;)=n(w-1)+2x,

=1

where 2x < n,and if these k edges partitioned into n+1minimum colour classes, then

t =t,=t,=..=t =w-1andt,,, = 2x.

n+1

VI1Il. Some Results Related to Standard of Partition

In this section we study cases of relations between standard partition of graph and
standard partition of subgraphs.
Remark 7.1. LetG be a graph of edges e;.e,.e;.....e, andv,,v,,v,...., v, are proper vertices

of these kedges, if thesekedges partition into minimumm colour classes
X X2s X3 Xm» if there exist two colour classes z,and z,such that t, +t, <w, where

1<i< j <m,then from definition of standard of partition v,,v,,v,,..,, v, is not of standard
of partition for thesek edges.

Proposition 7.2. LetGbe a graph of edges e.e,.e;....e andv,,v,,v;,...,v, are proper
vertices of these k edges, if thesek edges partitioned into minimumm colour classes
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Xis X2» Xarer Xm» then either v,v,,v,,...,v,, is standard of partition for thesek edges, or
there exists a proper subset of{v,,v,,v,,..., v} as standard of partition for a proper subset
of{e,.e,.e,,....e}

Proof: First case supposes thesek edges partitioned into minimumm colour classes
X1 X21 X3 Xmo @nd there is no existence of standard of partition for thesek edges.

From definition of standard of partition for thesek edges, then there exist two colour
classes z;and y;such that t, +t; <w, then the two colour classes z;and y,can form one

colour class, then thesek edges partitioned intom—1 colour classes, this contradictsm
IS minimum number of colour classes. In second case suppose for any G* where
G cG,andG" isgraph ofw" verticesandk” edges, where thesek” edges of G” is proper

subset of{e,e,,e,,...e}. Suppose thesek edges partition into minimumm colour
classes xi. x.. xs.-- xm» and there is no existence of standard of partition for thesek”

edges. From definition of standard of partition for these k" edges, then there exist two
colour classes yand y,such thatt +t; <w’, then thesek edges partition intom-1

colour classes, this contradictsm is minimum number of colour classes. Therefore,
the result holds.
No need to prove the following corollary, it is direct application of Proposition 7.2.

Corollary 7.3. LetGbe a graph of edgese,e,.e;,,...e, andv,v,,v,....v, are proper
vertices of these kedges, if thesekedges partitioned into minimumm classes
Xus Ko Xaves Xmothen either  wei<t +tor w'+1<t’ +t for all i j, where
1<i<j<m, andu,u,u,,..u_.are proper vertices of edgeso,o,,0,,.,0., such that
{uy, Uy, Ug,e U3V, V50 s V) {010,050 3 {6y, 85085, 6 and kT <k, w<w.

Remark 7.4. LetG be a graph of edges e,.e,.e,....e, andv,,v,,v,,..., v, are proper vertices
of these kedges, if v,,v,,v,...,v, IS Standard of partition the edges e,.e,.e;....¢ into
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minimumm colour classes, usually we say G is standard of partitioning its edges into
minimumm colour classes. Also if G'cG,andG" is a graph of k"edges andw’

vertices are proper vertices of these k"edges, usually we say Gis standard of
partitioning its edges into minimumm colour classes.

Proposition 7.5. LetG be a graph of edges e.e,.e,....e andv,,v,,v,,...,v, are proper
vertices of these kedges, if G'cG,andG" is a graph of w"vertices and k" edges. G is

only subgraph ofc such thatG™is standard partitioning its edges into minimumm
colour classes, andw” is standard of partition for thesek”edges. If G and any subgraph
of G, except G,is not standard of partitioning its edges into minimumm or

m+p, 1< pcolour classes, then thesekedges partitioned into minimumm colour
classes.

Proof: Using Proposition 4.3. Then G can not partitioned into minimumm-p, 1<p

colour classes. Using Proposition 4.2. Then G partitioned into minimumm or
m+ p, 1< pcolour classes. Using Proposition 7.2. Then G partitioned into minimum

m.

Proposition 7. 6. Supposeg, is a subgraph of a graphG,, G, be a graph ofk common
edgese,. e, &,....&, and v,,v,,v,,....v,, are proper vertices of these kedges. G, be a graph
ofI edgese,e,.e,...e, and v,v,,v,,..v, are proper vertices of these I1edges, where
k<lIf each one of v,v,v,,..,v,is of degree less than n,thenv,v,,v,,..,v, is not
standard of partition for edges inG,.

Proof: Let each one of v,,v,,v,,..., v, is of degreen -1, using Proposition 6.4. Then these
k common edgese,,e,,e,,..., e, partitioned inton colour classes, or n—1 colour classes.
If the edges e,,e,,e,,..., e partitioned inton colour classes, then standard of partition for
these Iedges will be a one vertex inG,, with degree equaln. If the edges e, e, .e;,.... ¢
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partitioned inton+1 colour classes, then standard of partition for these | edges will be
vertices inG,,and not in G,.Then v,,v,,v,,...,v,, is not standard of partition for edges in

G,.

Proposition 7.7. Letc be a graph of edges e e, e;....e.andv,,v,,v,,...,v, are proper
vertices of these kedges, with maximum degree of vertex equaln, andwis odd, if
thesek edges partitioned inton+1colour classes, andG =G, UG,,such thatG, consists
of k, common edges andw, vertices be proper vertices of thesek, edges, edges ofG,
partitioned into minimum n+z1colour classes,, and G, consists of k, common edges
and w, vertices be proper vertices of these k,edges, andw, <w,, edges of G, partitioned
into minimum n-1colour classes, then w vertices of G can’t be standard of partition
fork edges ofG.

Proof: Given w, vertices ofG, be standard of partition ofG,, suppose edges ofG, be
partitioned inton+1

colour classesT;, I, I;,..., T,.,.Suppose edges ofG,be partition inton-1  classes
¥, ¥, ¥, ¥,,. Suppose edges ofcbe partitioned inton-+1colour classes
Xir Xor Ko XpSUCh that y =TLUY,, 7, =T, UY,, 1, =,UY;, 7. =T, U¥.,, 2. =T,
and y,,, =T,,,.Suppose each colour class has maximumt,, wherel1<i<n+1, then we
havet, =t,=t,=..=t,, =w-1 and t, =t,,, =w, -1 sincew, <w,, then there exist y,and

z,,such thatt, +t,., SWT_]'+WT_1:W—1, therefore w vertices ofG can’t be standard

of partition for edges ofG.

Proposition 7.8. Letc be a graph of edges e .e,.e;....e andv,,v,,v;,...,v, are proper
vertices of these kedges, wherew,is odd, with maximum degree of vertex equaln, if
thesek edges partitioned inton-+1colour classes, andG =G, UG,, such thatG, consists

288

International Journal for Scientific Research, London Vol (4), No (3), 2025
https://doi.org/10.59992/1JSR.2025.v4n3p12 E-ISSN 2755-3418



https://doi.org/10.59992/IJSR.2025.v4n3p12

International Journal ¢ gaall 4 gal) ddaall

for Scientific Research dualall
(LJSR)
Vol. (4), No. (3) March 2025 (3) 2aadl ¢(4) ylauaY!

of k, common edges andw, vertices be proper vertices of these k, edges, edges ofG,
partitioned into n+1colour classes, if edges of G, partition into ncolour classes, and

w, < WT_l >n,then w vertices of G can’t be standard of partition for edges of G.

Proof: Given w, vertices ofG, be standard of partition of G,, suppose edges ofG, be
partitioned inton+1

colour classesT,,T,,I;,...,.I,,,.Suppose edges ofG,be partitioned inton  classes
¥, ¥, ¥,,...¥,. Suppose edges ofcbe partition inton+icolour classes
X Ko Ko KnoSUCH that 4 =T UY,, z,=L,UY,, ;=LUY,, 7, =ILUY,, an

X =Tha-From D d(v;) <wn=n(w-1)+n, then there are two colour classes y,and
j=1

z..osuchthatt, +t . < WT_l + WT_l —w-1, therefore w vertices of G can’t be standard
of partition for edges ofG.
Conclusion

Standard of partition edges into minimum number of colour classes have the
following properties:

1. For any two colour classes z;and y;,we havew+1<t, +t;.

2. Ifw standard of partition edges, andwis odd, andn is odd, if these edges
partitioned into n +2minimum colour classes, then there exist at least four vertices
each of degreen.

Ifw standard of partition edges, andwis odd, andn is odd, if these edges
partitioned into n+1minimum colour classes, then there exist at least four vertices
each of degreen.

289

International Journal for Scientific Research, London Vol (4), No (3), 2025
https://doi.org/10.59992/1JSR.2025.v4n3p12 E-ISSN 2755-3418



https://doi.org/10.59992/IJSR.2025.v4n3p12

International Journal

for Scientific Research dualall
(LJSR)
Vol. (4), No. (3) March 2025 (3) 2aadl ¢(4) ylauaY!

3. Letc be a graph of edges e,.e,.e;....e.andv,,v,,v,,...,v, are proper vertices of these

kedges, if thesekedges partitioned into minimum mcolour classes
X1 Xa2r X300 Xmo then either v,v,,v,,...,v, is standard of partition for thesek edges,

or there exists a subset of{v,,v,,v,,..,v,} as standard of partition for a proper subset
of{e,.e,.e,,....e}.

4. For a graphGand subgraph G either w+1<t +t,or w +1<t +t, for all i,j,
wherei<i< j<m.
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