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Abstract 

Families of disjoint sets colouring (partitioning) technique is trial to unify and 

generalize all types of colouring such as edge colouring, vertex colouring, and face 

colouring. The concept of standard of partitioning edges into colour classes is 

essential concept to follow and understand families of disjoint sets colouring 

(partitioning) technique. In this paper, we introduce some examples of standard of 

partitioning, and introduce some results of partitioning edges. Some of these results 

explain importance of standard of partitioning related to subgraphs, and some results 

related to maximum number of edges belongs to each colour class. Also, we 

introduce results of partitioning edges related to quasi non common edges. Here we 

list some properties related to standard of partitioning edges into colour classes.  

Keywords: Minimum Colour Classes, Standard of Partitioning Edges.  

I. Introduction 

In paper [4], we introduce families of disjoint sets colouring technique as trial to 

unify and generalize all types of colouring such as edge colouring, vertex colouring, 

face colouring and set colouring (set partitioning). Concept of common object is 

essential concept for families of disjoint sets. In papers [12], [13], [14] and [16] we 
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introduce the concept of common set, common edge, common vertex and common 

face respectively. In papers [5], [6], [7], [8], [9], [10] and [11] we introduce some 

concepts which had been modified later in papers [12], [13], [14] and [15], such as 

minimum number of colour classes, maximum number of colour classes, and 

standard of partition.    

In section three of this paper, we introduce some examples of standard of partitioning 

edges into colour classes. In section four we introduce some results comparison 

between standard of partitioning edges of a graph and standard of partitioning edges 

of its subgraphs. In this section also we introduce concept of quasi non-common 

edge, and some results related to this concept and concept of standard of partitioning 

edges. In section five we introduce some results explain some properties of standard 

of partitioning edges into colour classes, properties related to maximum degree of 

vertex. In section six we introduce some results about relation between maximum 

number of edges belongs to each colour class, and standard of partitioning edges into 

minimum number of colour classes. In section seven we introduce some results 

partitioning edges into minimum number of colour classes, when vertices of graph 

satisfy certain conditions.  

II. Related Work 

Definitions and results in this section will be needed through this paper. 

Proposition 2.1. Let be a graph of  edges  and are proper 

vertices of these edges, with maximum degree of vertex equal  where and 

there is vertex of degree equal two. If all edges (common edges and non-common 

edges) partitioned into  colour classes, then the number of colour classes appear  

times at not more than two [13]. 

G k keeee ,...,,, 321 wvvvv ,...,,, 321

k ,n ,2 n

m w

wvvvv ,...,,, 321
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Definition 2.2.  Let be a graph of common and non-common edges 

(common between proper vertices ), let these edges partition into m  

colour classes, then these m colour classes are called minimum colour classes, if 

whatever we try to partition  these k edges into 1−m  colour classes, there exist at least 

two adjacent edges belong to the same colour class[15]. 

Definition 2.3. Let be a graph of common and non-common edges 

(common between proper vertices ), these k edges  partition into  colour 

classes if *w be minimum number of proper vertices
**

3

*

2

*

1 *,...,,
w

vvvv  of 

common edges ,,...,,,
**

3

*

2

*

1 *k
eeee satisfies  for any two colour classes  and

, then the vertices
**

3

*

2

*

1 *,...,,
w

vvvv called standard of partition these edges into 

minimum  colour classes, where it and be number of times the colour classes  

and appears at these respectively, where ,* EE 

},,...,,,{ 321 keeeeE = },,...,,,{
**

3

*

2

*

1

*
*k

eeeeE = },,...,,,{
**

3

*

2

*

1

*
*w

vvvvV = },,...,,,{ 321 wvvvvV =

.1 mji   These m colour classes are called maximum colour classes, if whatever 

we try to partition these edges into  colour classes, there exist two colour 

classes  and such that ,*wtt ji +  where 11 + mji  [15]. 

Remark: 2.4. By proper vertex we mean vertex with degree equal one, when we deal 

with edge colouring. From definition of clique and proper clique there is no clique 

with clique number equal one, when we deal with vertex colouring. From definition 

of intersection and proper intersection there is no intersection with degree of 

intersection equal one, when we deal with set partitioning. 

Proposition 2.5. Suppose we have common edges and are 

proper vertices of these edges, with maximum degree of vertex equal suppose all 

edges (common edges and non-common edges) partition into  colour classes

G k keeee ,...,,, 321

wvvvv ,...,,, 321 k

G keeee ,...,,, 321

wvvvv ,...,,, 321 m

,,...,,, 321 m

,1*

ji ttw ++ i
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m jt i

j
*w ,* kk  ,* ww  ,* VV 
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for any two colour classes meet  at these  vertices, if be 

number of times the colour classes appear at these  vertices respectively, 

where these  vertices is standard of partition of all edges (common edges and non-

common edges) into  colour classes, then we have 

for odd or even. (If there is special case existence of 

colour class such that it will be only one colour class) for odd, where

 

(If there is special case existence of colour class such that

it will be only one colour class) for even, where (iv) If there 

exist two colour classes such that for odd or for even, 

then and they will form only one colour class[14].  

Proposition 2.6. Suppose we have common edges and are 

proper vertices of these edges, with maximum degree of vertex equal suppose 

these edges and non-common edges partitioned into  colour classes

labelled by  and if be number of times the colour class  

appear at these  vertices, and for all  and  is number of non-

common edges, then we have [13]. 

Proposition 2.7. Let be a graph of common edges , these common 

edges intersect at vertices , with maximum degree of vertex equal  and 

be partitioned into  minimum colour classes, if we add only one non common sets, 
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without changing maximum degree of vertices, and without addition of any proper 

vertex, only degree of one proper vertex changes, then these common edges and 

non-common edges can be partitioned into  minimum colour classes [13].  

Proposition 2.8. Let be a graph of common edges , these common 

edges intersect at vertices , with maximum degree of vertex equal  these 

edges (common and non-common edges) can be partitioned into colour classes, if 

we remove only one non common edge, without changing maximum degree of 

vertex, and without removal of any proper vertex of , then after this 

removal, common edges and non-common edges partitioned into  minimum colour 

classes [13].  

Theorem 2.9. The sum of degrees of vertices equals twice the number of edges [1]. 

Definition 2.10. A clique of a graph is a maximal complete sub graph. A clique 

number n  of a graphG  is largest number such that is a subgraph nK  ofG  [14].   

Iii. Some Examples for Standard of Partition 

In this section we introduce some examples of standard of partition edges into colour 

classes.   

Remark 3.1. Let be a graph of edges  and these edges intersect at

proper vertices ,,...,,, 321 wvvvv  with maximum degree of vertex equal ,n if theses  

edges keeee ,...,,, 321  partitioned into  minimum colour classes labelled 

by m,...,3,2,1 respectively. Also, theses  edges can be labelled by k,...,3,2,1

respectively. So, we have two types of labelling. First labelling a vertex and an edge 

by labels of colour classes, second labelling a vertex and an edge by labels of edges.    

  

k

m
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Example 3.2. Let be a graph of three common edges 321 ,, eee  and three vertices

,,, 321 vvv all vertices of degree two. These edges are partitioned into three minimum 

colour classes ,,, 321   each colour class consists of one edge. 

The edge 1e is common between 1v  and ,2v so we can used the symbol ),,( 211 vve  or the 

symbol }.,{}{ 211 vve =  

 

}.,{}{ 3222 vve ==  

}.,{}{ 1333 vve ==  

Where 1t is appearance of colour class 1  at w vertices 321 ,, vvv is satisfy definition of 

standard of partition ,3=w ,2321 === ttt where ,1 ji ttw ++ 1t is appearance of colour 

class 1  at w vertices and .31  ji  

Example 3.3. LetG be a graph of five non-common edges 54321 ,,,, eeeee  and six 

vertices ,,...,,, 6321 vvvv , all vertices of degree one ,1)()()()()( 65432 ===== vdvdvdvdvd  

except one vertex ,1v ,5)( 1 =vd  these edges partitioned into five colour classes

.,,,, 54321  Standard of partition consists of one vertex of standard of partition .1v  

Remark 3.4. LetG be a graph of k  common edges and wvvvv ,...,,, 321  are common 

vertices of these  edges, with maximum degree of vertex equal  if these k  edges 

partitioned into m  minimum colour classes, where ,nm =    then any vertex of degree

n  is standard of partition, see Example 3.2. And Example 3.3.   

Example 3 .5. LetG be a graph of one common edge ,1e 1e is common between 1v and

,10v  eight non common edges ,,...,,, 9432 eeee  and ten vertices   

,5)()( 101 == vdvd .1)()()()()()()()( 98765432 ======== vdvdvdvdvdvdvdvd The edge 1e is 

G

k ,n

,,...,,, 10321 vvvv

}.,{}{ 2111 vve ==
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common between 1v  and ,10v so we can used the symbol ),,( 1011 vve   or the symbol

},,{}{ 1011 vve = },,{}{ 212 vve = },,{}{ 313 vve = },,{}{ 414 vve = },,{}{ 515 vve = },,{}{ 6106 vve =

},,{}{ 7107 vve = },,{}{ 8108 vve = }.,{}{ 9109 vve =  These nine edges partitioned into five colour 

classes ,,,,, 54321   as follows: 

},,{}{ 10111 vve ==  

}.,,,{},{ 10621622 vvvvee ==  

}.,,,{},{ 10731733 vvvvee ==  

}.,,,{},{ 10841844 vvvvee ==  

 

We have three standards of partition consists },{ 1v }{ 10v  and }.,{ 101 vv  Let }{ 1v be standard 

of partition, then we have ,11 =t ,12 =t ,13 =t ,14 =t .15 =t Let }{ 10v be standard of 

partition, then we have ,11 =t ,12 =t ,13 =t  ,14 =t .15 =t Let },{ 101 vv be standard of 

partition, then we have ,21 =t ,22 =t ,23 =t ,24 =t .25 =t In case standard of partition }{ 1v  

we have ,1=w  in case standard of partition }{ 10v we have ,1=w and in case standard of 

partition },{ 101 vv  we have ,2=w  in each case we have ,1 ji ttw ++  where .51  ji  

Example 3.6. Let be a graph of five common edges 54321 ,,,, eeeee  and three vertices

,,, 321 vvv , 4)( 1 =vd and .3)()( 32 == vdvd The edges 21,ee are multiple edges both common 

between ., 21 vv  The edges 43,ee are multiple edges both common between ., 31 vv  The 

edge 5e is common between ., 32 vv  These five edges partitioned into five minimum 

colour classes ,,,,, 54321   each colour class consists of one edge. 

}.,{}{ 2111 vve ==  

}.,{}{ 2122 vve ==  

G

}.,,,{},{ 10951955 vvvvee ==
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}.,{}{ 3133 vve ==  

}.,{}{ 3144 vve ==  

}.,{}{ 3255 vve ==  

,254321 ===== ttttt  Where it is appearance of colour class i  at w vertices ,,, 321 vvv

,3=w and .51  ji  

The vertices 321 ,, vvv satisfies definition of standard of partition where .1 ji ttw ++  

Example 3.7. Let be a graph of seven common edges and five vertices

,,,,, 54321 vvvvv all vertices of degree three and one vertex of degree two. These seven 

edges partitioned into four minimum colour classes ,,,, 4321   each colour class of

321 ,,   consists of two edges, the class 4 consists of only one edge, this common 

edge belongs alone to the colour class .4  We used the following symbol },,{ 311 ee=

},,{ 422 ee= },,{ 653 ee= }.{ 74 e=  The edge 1e is common between 1v  and ,2v so we used 

the symbol },,{ 211 vve = or symbol ).,( 211 vve   We continue with same labels and we 

write:                                                                                                                                                          

}.,,,{)},(),,{(},{ 43214321311 vvvvvvvvee ===
 

}.,,,{)},(),,{(},{ 54325432422 vvvvvvvvee ===  

}.,,,{)},(),,{(},{ 42514251653 vvvvvvvvee ===
 

}.,{)},{(}{ 535374 vvvve ===
 

,2  ,4 4321 ==== tttt  Where it is appearance of colour class i  at w vertices ,,,,, 54321 vvvvv  

,5=w and .41  ji  the vertices ,,,,, 54321 vvvvv satisfies definition of standard of 

partition where .1 ji ttw ++  

G
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Example 3.8. Let 1G be a graph of seven common edges and five vertices

,,,,, 54321 vvvvv all vertices of degree three and one vertex of degree two. These seven 

edges partition into four minimum colour classes ,,,, 4321   each colour class of

321 ,,   consists of two edges, the class 4 consists of only one edge, this common 

edge belongs alone to the colour class .4 We used the following symbol },,{ 311 ee=

},,{ 422 ee= },,{ 653 ee= }.{ 74 e=  

}.,,,{)},(),,{(},{ 32153215311 vvvvvvvvee ===  

}.,,,{)},(),,{(},{ 43214321422 vvvvvvvvee ===  

}.,,,{)},(),,{(},{ 31453145653 vvvvvvvvee ===  

}.,{)},{(}{ 424274 vvvve ===  

Let 2G be a graph of three common edges ,,, 1098 eee  and four non common edges

,,,, 13121110 eeee four proper vertices ,,,, 8765 vvvv and four non proper vertices ,,,, 1312109 vvvv

where 8e is common edge between 5v  and .6v 9e is common edge between 6v  and ,7v 10e

is common edge between 7v and ,8v
11e is non-common edge between 7v  and ,9v

12e is 

non-common edge between 7v  and ,10v 13e is non-common edge between 8v  and ,11v 14e is 

non-common edge between 8v  and .12v  The seven edges of 2G partitioned into three 

minimum colour classes ,,, 321   We join 5v  in 1G to 5v in ,2G then we have

,3)()()()()()()()( 87654321 ======== vdvdvdvdvdvdvdvd and

.1)()()()( 1211109 ==== vdvdvdvd  

Common between 1v  and ,2v so we used the symbol },,{ 211 vve = or symbol ).,( 211 vve   we 

continue with same notations and we write: 

}.,,,{)},(),,{(},{ 12876128761491 vvvvvvvvee ===  
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}.,,,,,{)},(),,(),,{(},,{ 11897651189765131182 vvvvvvvvvvvveee ===  

}.,,,{)},(),,{(},{ 107861078612103 vvvvvvvvee ===  

Let 21 GGG = and all edges partitioned into four colour classes ,,,, 4321   where 

,111 =  ,222 =  ,333 =   and .44 =  If we consider these eight proper 

vertices 87654321 ,,,,,,, vvvvvvvv  standard of partition, then we have ,8=w  and

,2  ,8,7 4231 ==== tttt then these eight proper vertices satisfy condition of standard of 

partition, ,1 ji ttw ++  where .41  ji  

Example 3.9. Let G be a graph of twelve edges, eleven common edges and one edge 

is non-common edge, ten vertices, ,3)()()()()( 54321 ===== vdvdvdvdvd

,2)()()()( 9876 ==== vdvdvdvd and .1)( 10 =vd  we partition all edges into four minimum 

colour classes ,,,, 4321   as follows:  

}.,,,,,,,{)},(),,(),,(),,{(},,,{ 9876321598763215119311 vvvvvvvvvvvvvvvveeee ===
 

}.,,,,,,,,,{)},(),,(),,(),,(),,{(},,,,{ 876543211098765432112108422 vvvvvvvvvvvvvvvvvvvveeeee ===
 

}.,,,{)},(),,{(},{ 31453145653 vvvvvvvvee ===
 

}.,{)},{(}{ 424274 vvvve ===
 

From Remark 2.7. Any vertex of degree one can’t be included in standard of 

partition. If we consider 987654321 ,,,,,,,, vvvvvvvvv is standard of partition, then we have

,9=w  and ,81 =t ,92 =t  ,43 =t  and ,24 =t but ,9643 ==+ wtt this contradicts Proposition 

2.8. Therefore we consider 54321 ,,,, vvvvv is standard of partition, then we have ,5=w  

and ,41 =t ,42 =t ,43 =t
 ,24 =t  and ,ji ttw + where .41  ji  

Of 321 ,,   consists of two edges, the class 4 consists of only one edge, this common 

edge. 
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IV. Partitioning of Graph and Subgraph into Colour Classes  

In this section we introduce some results related to method of finding minimum 

number of colour classes for edge coloring, see Proposition 4.1. [15]. we also 

introduce concept of quasi-non common edge, and introduce some results related to 

this concept. 

Remark 4.1. Families of disjoint sets colouring technique using concept of minimum 

number of colour classes and concept of maximum number of colour classes, if it is 

mentioned partitioned into colour classes it means partitioned into minimum colour 

classes. 

Proposition 4.2. Suppose 1G  is a subgraph of a graph ,2G 1G  be a graph of k  edges

,,...,,, 321 keeee  and 2G  be a graph of l  edges ,,...,,,,...,,, 21321 lkkk eeeeeee ++  where ,lk   each 

of 1G  and c
G1

 with maximum degree of vertex equal ,n where .211 GGG
c
=  If these k

edges partitioned into
1m minimum colour classes and the edges

lkkk eeeeeee ,...,,,,...,,, 21321 ++  partitioned into m  minimum colour classes, then .1 mmn    

Proof: Let 2G be a graph of l  edges ,,...,,,,...,,, 21321 lkkk eeeeeee ++  and these k  edges

keeee ,...,,, 321 partitioned into m  minimum colour classes .,...,,, 321 m  Any one of the 

edges lkk eee ,...,, 21 ++  either belongs to one of classes ,,...,,,
1321 m  or does not belong 

to any one of classes .,...,,,
1321 m  Therefore either these l  edges partitioned into

1m  

minimum colour classes or  these l  edges partitioned into minimum number of colour 

classes greater than ,1m  then ,1 mm   since 1G  with maximum degree of vertex equal ,n

and since c
G1

with maximum degree of vertex equal ,n  then we have 
1mn  and .mn   

Therefore .1 mmn     

Proposition 4.3. Suppose 1G  is a subgraph of a graph ,2G 1G  be a graph of k  edges

,,...,,, 321 keeee  and 2G  be a graph of l  edges ,,...,,,,...,,, 21321 lkkk eeeeeee ++  where ,lk  1G each 
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of 1G  and c
G1

 with maximum degree of vertex equal ,n where .211 GGG
c
=  If these l

edges partitioned into
2m minimum colour classes, and the edges keeee ,...,,, 321  

partitioned into m  minimum colour classes, then .2mmn      

Proof: Let 1G be a graph of k  edges ,,...,,, 321 keeee  and 2G   be a graph of l edges

,,...,,,,...,,, 21321 lkkk eeeeeee ++ suppose these l edges partitioned into
2m  minimum colour 

classes .,...,,,
2321 m If these k  edges keeee ,...,,, 321  partitioned into m  minimum colour 

classes, then  either keeee ,...,,, 321 belongs to the classes ,,...,,,
2321 m  or belong to 

some of  classes ,,...,,,
2321 m  then we have ,2mm   since 1G  with maximum degree 

of vertex equal ,n  then we have ,mn   and since 2G  with maximum degree of vertex 

equal ,n   then we have .2mn   Therefore .2mmn     

Definition 4.4. LetG be a graph of edges and are proper 

vertices of these edges, and ,21 GGG = such that 1G  consists of 1k edges and 1w  proper 

vertices, and 2G  consists of 2k edges and 2w  proper vertices, where  ,21 kkk =+ an edge 

le incident between iv  and ,jv  where ),( 21 GGv j  ,1 1kl  ,1 wji   after 

disconnection of 1G  and ,2G  we have 
 

,1Gv j   and ,1)( =lea  where )( lea  is appearance 

of the edge le at 1w proper vertices, then the edge le is called quasi non common edge 

w.r.t. .1G   

We introduce the following proposition without proof, since proof is direct from 

definition of quasi non common edge and using Proposition 2.8. 

Proposition 4.5. Let ,21 GGG = and le be quasi non common edge w.r.t. .1G  after 

disconnection of 1G  and ,2G  then le will be non-common edge in .1G  

Proposition 4.6. LetG be a graph of edges and are proper 

vertices of these edges, and ,21 GGG = such that 1G  consists of 1k edges and

keeee ,...,,, 321 wvvvv ,...,,, 321

k

keeee ,...,,, 321 wvvvv ,...,,, 321

k
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tvvvv ,...,,, 321  are proper vertices of these 1k edges, with maximum degree of vertex 

equal ,n  if the edge le is quasi non common edge w.r.t. ,1G  ,1 1kl  and tvvvv ,...,,, 321  is 

standard of partition these 1k edges into  minimum colour classes, where ,1 mn +

if we remove le from ,1G  then leG −1   partition into  minimum colour classes. 

Proof: Let 1G  consists of 1k edges partitioned into  minimum colour classes. Let le

be quasi non common edge w.r.t. ,1G  from definition of quasi non common edge 1G  

is a graph, with le  is non common edge, if we using Proposition 2.8. Then leG −1   

partitioned into  minimum colour classes.  

V. Some Results Related to Maximum Degree of Vertex 

In this section we introduce some results explain some properties of standard of 

partitioning edges into colour classes, properties related to maximum degree of 

vertex. 

Proposition 5.1. LetG be a graph of k common edges and wvvvv ,...,,, 321  are proper 

vertices of these  edges, with maximum degree of vertex equal  where ,2 n  ifG

is simple graph then ,wn   and if is multiple graph then nw   and .wn   

Proof: Let G be simple complete graph, from definition of complete graph .wn   If 

we remove edges ofG  such that number of vertices  remain fixed ,w  and maximum 

degree of vertex remains fixed  such that the remaining edges all are common,  and 

w vertices are proper vertices of these remaining edges, thenG simple and .wn   Let 

G be a complete graph, then ,wn  if we add edges to G such that number of vertices 

remain fixed ,w  then G become multiple graph and .nw   LetG be a graph of k edges

keeee ,...,,, 321  and wvvvv ,...,,, 321  are proper vertices of these  edges, where .2 wn + If 

we add an edge 1+ke  incident between 1v  and ,2v  where the edge 1e  also incident between

m

m

m

m

k ,n

,n

k
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1v  and ,2v  then G become multiple graph where ,1 wn + therefore G is multiple graph 

and .wn    

ass  

Proposition 5.2. LetG be a simple graph of k  common edges and wvvvv ,...,,, 321  are 

standard of partition of these  edges, with maximum degree of vertex equal where

w  is odd, and n  is even, if these k edges partitioned into 1+n minimum colour classes, 

then there exist at least three vertices each of degree ,n and remaining vertices each 

of degree ,1−n with condition .1+ nw  

Proof: Suppose there is only one vertex of degree ,n  then we have 

),1)(1()(
1

−−+=
=

wnnvd
w

j

j  using Proposition2.6. And definition of standard of 

partition, we have ),1)(1(2)1(2)1( −−+=+−+− wnnxnwnw  then we have ,1 nw +  

this contradicts Proposition 5.1. Suppose there are two vertex of degree ,n  then we 

have ),2)(1(22)1(2)1( −−+=+−+− wnnxnwnw  then we have ,nw   this contradicts 

Proposition 5.1. Therefore the result not holds only one vertex of degree ,n and not 

holds for two vertices of degree .n Suppose there are three vertices of degree ,n  then

),3)(1(32)1(2)1( −−+=+−+− wnnxnwnw  then we have .1+ nw  Therefore the result 

not holds. 

Proposition 5.3. LetG be a simple graph of k  common edges and wvvvv ,...,,, 321  are 

standard of partition of these  edges, with maximum degree of vertex equal where

w  is odd, and n  is odd, if these k edges partition into 1+n minimum colour classes, 

then there exist at least four vertices each of degree ,n and remaining vertices each of 

degree ,1−n with condition .2+ nw      

k ,n

k ,n
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Proof t: Suppose there is only one vertex of degree ,n  then we have 

),1)(1()(
1

−−+=
=

wnnvd
w

j

j  using Proposition 2.6. And definition of standard of 

partition, we have ),1)(1(2)1(2)1( −−+=+−+− wnnxnwnw  then we have ,1 nw +  

this contradicts Proposition 5.1. Suppose there are two vertex of degree ,n  then we 

have ),2)(1(22)1(2)1( −−+=+−+− wnnxnwnw  then we have ,nw   this contradicts 

Proposition 5.1. Therefore the result not holds only one vertex of degree ,n and not 

holds for two vertices of degree .n Suppose there are three vertices of degree ,n  then

),3)(1(32)1(2)1( −−+=+−+− wnnxnwnw  then we have ,1+ nw  this contradicts 

Proposition 5.1. and since both where w and n  are odd, we have to show .2+ nw  

Therefore the result not holds for  three vertex of degree .n  Suppose there are four 

vertices of degree ,n  then we have ),4)(1(42)1(2)1( −−+=+−+− wnnxnwnw  then we 

have .2+ nw  Therefore the result holds. 

The Following Two Examples Satisfying Proposition 5.3.   

Example 5.4. Let be a graph of 16common edges, and 7 vertices, four vertices 

each of degree ,5 and three vertices each of degree .4  These 16edges partitioned into 

6 minimum colour classes.   

Example 5.5. Let be a graph of 15common edges, and 7 vertices, three vertices 

each of degree ,5  three vertices each of degree ,4 and one vertex of degree .3  These 

15edges partitioned into 5minimum colour classes.  

The following two examples satisfying Proposition 5.2.   

Example 5. 6. Let be a graph of 19common edges, and 7 vertices, three vertices 

each of degree ,6 and four vertices each of degree .5  These 19edges partitioned into 

7 minimum colour classes.   

G

G

G
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Example 5.7. Let be a graph of 18common edges, and 7 vertices, two vertices each 

of degree ,6  four vertices each of degree ,5  and one vertex of degree .4  These 18

edges partitioned into 6 minimum colour classes.  

The following proposition is generalization of proposition 5.2 and Proposition 5.3. 

The proof is the same as in proposition 5.2 and Proposition 5.3.    

Proposition 5.8. LetG be a simple graph of k  common edges and wvvvv ,...,,, 321  are 

standard of partition of these  edges, with maximum degree of vertex equal where

w  is odd, if these k edges partitioned into 1+n minimum colour classes, then there 

exist at least x vertices each of degree ,n and remaining vertices each of degree ,1−n

with condition ).2( −+ xnw  

VI. Some Results Related to Maximum Number of Edges Belgon to 

Colour Class  

In this section we introduce some results about relation between maximum number 

of edges belongs to each colour class, and standard of partitioning edges into 

minimum number of colour classes.   

Example 6.1. LetG be a graph of k  common edges and wvvvv ,...,,, 321  are proper 

vertices of these  edges, with maximum degree of vertex equal where w  is odd, n

is even, and wvvvv ,...,,, 321  is standard of partitioning these  edges into 1+n minimum 

colour classes, if ,2)1()(
1

xwnvd
w

j

j +−=
=

where .2 nx   We want to delete all edges of 

the  graph ,G step by step, such that in each step we delete )1(
2

1
−w edges, and each 

one of 1−w  vertices of maximum degree reduced by one. Since n is even, using 

Proposition 4.2. then there exist at least three vertices each of degree .n In the 

following table we explain each step. Suppose these k  common edges partitioned into

G

k ,n

k ,n

k
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m minimum colour classes .,...,,, 321 m  the table below satisfies Theorem2.9. If 

number of vertices is odd and degree of vertex is odd. 

 Before Removal of a colour 

Class i  

After Removal of a colour Class i  

Removal of 1  3 vertices each of degree n  )31( −−w vertices each of degree )1( −n  

Removal of 2  4 vertices each of degree 1−n  )41( −−w vertices each of degree )2( −n  

Removal of 3  5 vertices each of degree 2−n  )51( −−w vertices each of degree )3( −n  

Removal of i  3+i vertices each of degree

in −+1  

)31( −−− iw vertices each of degree

)( in −  

Removal of n  3+n vertices each of degree

 1 nn −+  

)31( −−− nw vertices each of degree zero 

Removal of 1+n  31+−n vertices each of degree 

zero 
)31( −−w vertices each of degree )1( −n  

From definition of common edges and proper vertices, directly can introduce the 

following remark. 

Remark 6.2. LetG be a simple graph of k  common edges and w  vertices are proper 

vertices of these k  edges, and w  is odd.  If we remove )1(
2

1
−w  edges, each two of 

them are not adjacent, then 1−w vertices its degree reduced by one.  

Proposition 6.3. LetG be a simple graph of k  common edges and wvvvv ,...,,, 321  are 

proper vertices of   these  edges, with maximum degree of vertex equal where w  

is odd, if we remove edges step by step, using 1+n steps, such that at each step 1−w

vertices its degree reduced by one, and at each step we remove )1(
2

1
−w  edges, before 

final removal every vertex either of degree one or degree zero,(at least one vertex of 

degree zero). Then these  edges partitioned into 1+n minimum colour classes, and

wvvvv ,...,,, 321  are standard of partition these  edges into minimum colour classes.   

k ,n

k

k

https://doi.org/10.59992/IJSR.2025.v4n3p12


 

284 
 

International Journal for Scientific Research, London Vol (4), No (3), 2025 

https://doi.org/10.59992/IJSR.2025.v4n3p12     E-ISSN 2755-3418 
 

Proof: From Remark 6.2.  Removing of )1(
2

1
−w  edges reduced degree of each one 

of these 1−w vertices by one, then every two of these )1(
2

1
−w  edges are not adjacent, 

then all these )1(
2

1
−w  edges can form one colour class. At final step suppose remove 

x edges, and these x edges can form one colour class. This satisfies conditions of 

Proposition 4.1. [15] Then these  edges partitioned into 1+n minimum colour 

classes. Since ,1...321 −===== wtttt n and ,21 xtn =+  where ,12 − wx  and since 

wvvvv ,...,,, 321  satisfies ,1 ji ttw ++  where ,11 + nji then wvvvv ,...,,, 321  are standard 

of partition these  edges into minimum colour classes.   

Proposition 6.4 LetG be a graph of k  common edges and wvvvv ,...,,, 321  are proper 

vertices of these  edges, with maximum degree of vertex equal where w  is odd, 

and wvvvv ,...,,, 321  are standard of partition these  edges, if ,2)1()(
1

+−=
=

wnvd
w

j

j  and if 

these  edges partitioned into 1+n minimum colour classes, then      

,1...321 −===== wtttt n and .21 =+nt     

Proof: Suppose these 1+n  colour classes 1321 ,...,,, +n , labelled by 1,...,3,2,1 +n  

respectively. Suppose ,)(...)()()( 1321 nvdvdvdvd w ===== −  ,2)( =wvd  and

),,...,3,2,1( nvi   ),1,1,...,3,2,1(1 +− nnv ),1,( + nnvw where ,12 − wi then we have 

,1...321 −===== wtttt n and ,21 =+nt  this means wvvvv ,...,,, 321  are standard of partition 

and there are 1+n  minimum colour classes.    

Suppose ,)(...)()()( 1321 nvdvdvdvd w ===== −  ,2)( =wvd  and ),,...,3,2,1( nv j   

),1,1,...,3,2,1(1 +− nnv ),1,( + nnvw where ,12 − wj  before changing degree of all 

vertices. Suppose there is an edge incident between rv  and sv belongs to the colour 

k

k

k ,n

k

k
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class ,i where ,11 + ni we change this edge to be incident between rv  and wv  such 

that all edges at wv  not adjacent to this edge. The following condition satisfy changes 

of degree for all vertices: ,)( jj pnvd −= ,...2)( 1321 −+++++= ww ppppvd  where

,11 − wj  and .20 − np j  Since degree of vertices changes but labels of any 

colour class remain fixed, then we have ,1...321 −===== wtttt n and .21 =+nt        

We introduce the following proposition without proof, it is a generalization of 

Proposition 6.4.  

Proposition 6.5. LetG be a graph of k  common edges and wvvvv ,...,,, 321  are proper 

vertices of these  edges, with maximum degree of vertex equal where w  is odd, 

and wvvvv ,...,,, 321  are standard of partition these  edges, if ,2)1()(
1

xwnvd
w

j

j +−=
=

 

where ,2 nx  and if these  edges partitioned into 1+n minimum colour classes, then      

  ,1...321 −===== wtttt n and .21 xtn =+         

VII. Some Results Related to Standard of Partition  

In this section we study cases of relations between standard partition of graph and 

standard partition of subgraphs. 

Remark 7.1. LetG be a graph of edges and are proper vertices 

of these k edges, if these edges partition into minimum m  colour classes 

if  there exist two colour classes i and
j such that ,wtt ji +  where

,1 mji  then from definition of standard of partition wvvvv ,...,,, 321 is not of standard 

of partition for these k  edges.  

Proposition 7.2. LetG be a graph of edges and are proper 

vertices of these k edges, if these edges partitioned into minimum m  colour classes 

k ,n

k

k

keeee ,...,,, 321 wvvvv ,...,,, 321

k

,,...,,, 321 m

keeee ,...,,, 321 wvvvv ,...,,, 321

k
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then either wvvvv ,...,,, 321 is standard of partition for these k  edges, or 

there exists a proper subset of },...,,,{ 321 wvvvv  as standard of partition for a proper subset 

of }.,...,,,{ 321 keeee  

Proof: First case supposes these edges partitioned into minimum m  colour classes 

and there is no existence of standard of partition for these k  edges. 

From definition of standard of partition for these k  edges, then there exist two colour 

classes i and
j such that ,wtt ji +  then the two colour classes i and

j can form one 

colour class, then these edges partitioned into 1−m  colour classes, this contradicts m

is minimum number of colour classes. In second case suppose for any *G  where 

,* GG  and *G  is graph of *w  vertices and *k  edges, where these *k  edges of *G is proper 

subset of }.,...,,,{ 321 keeee  Suppose these *k edges partition into minimum m  colour 

classes  and there is no existence of standard of partition for these *k

edges. From definition of standard of partition for these *k edges, then there exist two 

colour classes i and
j such that ,*wtt ji +  then these *k edges partition into 1−m  

colour classes, this contradicts m is minimum number of colour classes. Therefore, 

the result holds.  

No need to prove the following corollary, it is direct application of Proposition 7.2.  

Corollary 7.3. LetG be a graph of edges keeee ,...,,, 321  and are proper 

vertices of these k edges, if these edges partitioned into minimum m  classes 

then either 
ji ttw ++1 or ,1

***

ji ttw ++ for all ,, ji  where

,1 mji   and *,...,,, 321 w
uuuu are proper vertices of edges ,,...,,, *321 k

oooo  such that

},,...,,,{},...,,,{ 321321 * ww
vvvvuuuu   },,...,,,{},...,,,{ 321321 * kk

eeeeoooo  and .   , ** wwkk    

Remark 7.4. LetG be a graph of edges and are proper vertices 

of these k edges, if is standard of partition the edges into 

,,...,,, 321 m

k

,,...,,, 321 m

k

,,...,,, 321 m

wvvvv ,...,,, 321

k

,,...,,, 321 m

keeee ,...,,, 321 wvvvv ,...,,, 321

wvvvv ,...,,, 321 keeee ,...,,, 321
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minimum m  colour classes, usually we say G is standard of partitioning its edges into 

minimum m  colour classes. Also if ,* GG  and *G  is a graph of *k edges and *w

vertices are proper vertices of these *k edges, usually we say *G is standard of 

partitioning its edges into minimum m  colour classes.   

Proposition 7.5. LetG be a graph of edges and are proper 

vertices of these k edges, if ,* GG  and *G  is a graph of *w vertices and *k edges. *G is 

only subgraph ofG  such that *G is standard partitioning its edges into minimum m  

colour classes, and *w  is standard of partition for these *k edges. If G and any subgraph 

of ,G  except ,*G is not standard of partitioning its edges into minimum m  or 

ppm + 1   , colour classes, then these edges partitioned into minimum m colour 

classes.   

Proof: Using Proposition 4.3. Then G can not partitioned into minimum ppm − 1   ,  

colour classes. Using Proposition 4.2. Then G partitioned into minimum m  or 

ppm + 1   , colour classes. Using Proposition 7.2. Then G partitioned into minimum

.m  

Proposition 7. 6. Suppose
1G  is a subgraph of a graph ,2G 1G  be a graph of k  common 

edges ,,...,,, 321 keeee  and 
1

,...,,, 321 wvvvv are proper vertices of these k edges. 
2G  be a graph 

of l  edges ,,...,,, 321 leeee  and
 2

,...,,, 321 wvvvv are proper vertices of these l edges, where 

.lk  If each one of  
1

,...,,, 321 wvvvv is of degree less than ,n then
1

,...,,, 321 wvvvv is not 

standard of partition for edges in .2G   

Proof: Let each one of 
1

,...,,, 321 wvvvv is of degree ,1−n using Proposition 6.4. Then these

k  common edges keeee ,...,,, 321 partitioned into n  colour classes, or 1−n  colour classes. 

If the edges leeee ,...,,, 321 partitioned into n  colour classes, then standard of partition for 

these l edges will be a one vertex in ,2G with degree equal .n  If the edges leeee ,...,,, 321

keeee ,...,,, 321 wvvvv ,...,,, 321

k
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partitioned into 1+n  colour classes, then standard of partition for these l edges will be  

vertices in ,2G and not in .1G Then 
1

,...,,, 321 wvvvv is not standard of partition for edges in

.2G   

Proposition 7.7. LetG be a graph of edges and are proper 

vertices of these edges, with maximum degree of vertex equal ,n  and w is odd, if 

these edges partitioned into 1+n colour classes, and ,21 GGG = such that
1G  consists 

of 
1k  common edges and

1w vertices be proper vertices of these
1k edges, edges of

1G  

partitioned into minimum 1+n colour classes,, and 
2G  consists of 

2k  common edges 

and
2w  vertices be proper vertices of these

2k edges, and ,21 ww   edges of
2G  partitioned 

into minimum  1−n colour classes, then w  vertices ofG  can’t be standard of partition 

for edges of .G  

Proof: Given 
1w  vertices of

1G  be standard of partition of ,1G  suppose edges of
1G  be 

partitioned into 1+n  

colour classes .,...,,, 1321 + n Suppose edges of
2G be partition into 1−n   classes

.,...,,, 1321 − n  Suppose edges ofG be partitioned into 1+n colour classes

,,...,,, 1321 +n such that ,111 =  ,222 =  ,333 =  ,111 −−− = nnn  ,nn =

and .11 ++ = nn Suppose each colour class has maximum ,it  where ,11 + ni  then we 

have ,1... 1321 −===== − wtttt n  and ,111 −== + wtt nn since ,21 ww   then there exist i and

,j such that ,1
2

1

2

1
1 −=

−
+

−
+ + w

ww
tt nn  therefore w  vertices ofG  can’t be standard 

of partition for edges of .G  

Proposition 7.8. LetG be a graph of edges and are proper 

vertices of these edges, where
1w is odd, with maximum degree of vertex equal ,n if 

these edges partitioned into 1+n colour classes, and ,21 GGG = such that
1G  consists 

keeee ,...,,, 321 wvvvv ,...,,, 321

k

k

k

keeee ,...,,, 321 wvvvv ,...,,, 321

k

k
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of 
1k  common edges and

1w  vertices be proper vertices of these
1k edges, edges of

1G  

partitioned into 1+n colour classes, if  edges of
2G  partition into n colour classes,   and 

,
2

1
1 n

w
w 

−
 then w  vertices ofG  can’t be standard of partition for edges of .G  

Proof: Given 
1w  vertices of

1G  be standard of partition of ,1G  suppose edges of
1G  be 

partitioned into 1+n  

colour classes .,...,,, 1321 + n Suppose edges of
2G be partitioned into n   classes

.,...,,, 321 n  Suppose edges ofG be partition into 1+n colour classes

,,...,,, 1321 +n such that ,111 =  ,222 =  ,333 =  ,nnn =   an

.11 ++ = nn From ,)1()(
1

nwnwnvd
w

j

j +−=
=

 then there are two colour classes n and

,1+n such that ,1
2

1

2

1
1 −=

−
+

−
+ + w

ww
tt nn   therefore w  vertices ofG  can’t be standard 

of partition for edges of .G  

Conclusion 

Standard of partition edges into minimum number of colour classes have the 

following properties: 

1. For any two colour classes i and ,j we have .1 ji ttw ++   

2. If w  standard of partition edges, and w is odd, and n  is odd, if these edges 

partitioned into 1+n minimum colour classes, then there exist at least four vertices 

each of degree .n  

If w  standard of partition edges, and w is odd, and n  is odd, if these edges 

partitioned into 1+n minimum colour classes, then there exist at least four vertices 

each of degree .n  
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3. LetG be a graph of edges and are proper vertices of these

k edges, if these edges partitioned into minimum m colour classes 

then either wvvvv ,...,,, 321 is standard of partition for these k  edges, 

or there exists a subset of },...,,,{ 321 wvvvv  as standard of partition for a proper subset 

of }.,...,,,{ 321 keeee  

4. For a graphG and subgraph ,*G either 
ji ttw ++1 or ,1*

ji ttw ++ for all ,, ji  

where .1 mji   
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