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Abstract

Families of disjoint sets colouring technique is trial to generalize all type of colouring
and partition. This paper related to face colouring, in this paper we introduce the
concept of common face and non-common face, and used two methods to determine
adjacency of faces. We introduce some results related to the concept of common face
and results related to non-common face, and introduce some results explain the
number of minimum colour classes not changed after addition or after removal of
non-common face, if maximum clique number is constant.

Keywords: Families of Disjoint Sets Colouring Technigue, Common Face, Proper
Clique, Improper Clique.

1. Introduction

In paper [4], we introduced the concept of families of disjoint sets colouring
technique, and published papers [5], [6], [7], [8], [9], [10], [11] to introduce some
results related to this colouring (partition) technique.

In paper [12], we introduce the concept of common set to establish some results for
families of disjoint sets colouring technique for partition sets. The concept of
common set is essential concept for families of disjoint sets colouring technique, and
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this was reason for modifications of some definitions and some results in previous
papers.

Paper [13] analogue to paper [12]. In paper [13], we introduce the concept of
common edge between two vertices, as essential concept for edge colouring to
establish some results of edge colouring.

In paper [14], we introduce concept of common vertex and quasi non common
vertex, and we introduce some results related to these concepts. Also, in Paper [14]
we introduced a result for method used to partition vertices into minimum number of
colour classes.

In Paper [15], we prove a result for method of finding minimum number of colour
classes for edge colouring, and explain how to find different values of minimum
colour classes, for edge colouring, when maximum degree of vertex is constant, and
introduce a condition to maximize minimum number of colour classes, and use
multiple edges as an example.

In this paper (section three), we introduce the concept of common face and non-
common face and proper clique (related to faces). We introduce some results related
to the concept of the common face and results related to non-common face, and
introduce some results explain the number of minimum colour classes not changed
after addition or after removal of non-common face, if maximum clique number is
constant. In section four, we introduce a method of finding the minimum number of
colour classes for face colouring. In section five, we introduce the concept of
common face, non-common face related to proper vertex separates faces. In section
six we introduce some definitions and results about multiple vertices and multiple
faces.
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2.Related Work
In this section we write some definitions and results be needed through this paper.

- Theorem 2.1. The sum of degrees of vertices equals twice the number of edges
[17].

- Definition 2.2.A clique of a graph is a maximal complete sub graph. A clique
number of a graph G is largest number n such that K is a subgraph of G [3].

- Definition 2.3. degree of a vertex v in graph G is the number of edges of G
incident

- With v, each loop counting as two edges [3].

- Definition 2.4. We will refer to regions defined by a plane graph as its face, the
unbounded region being called the exterior face [3].

- Remark 2.5. Each edge is on the boundary of two neighboring faces. If no two
faces that are separated by an edge -have the same colour [1].

- Definition 2.6. Two graphs are isomorphic if there exists a one-to-one
correspondence between their points sets which preserves adjacency [3].

- Definition 2.7. The valence of a face F is the number of boundary edges for F
[16].
3.Common Face and Non Common Face Related to Clique:
In this section we introduce the concept of common face, non-common face, proper

cligue (related to faces) and introduce some results related to these two concepts. In
this section two adjacent faces means they have common edge).

- Definition 3.1. Let Gbe a graph of kfaces, C,is called clique of faces
f, f,, f,..., f, ifany two faces are adjacent, and any face f, not adjacent to all faces
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f, f,, ..., f., and the face f, can be adjacent to some faces of f, f,, f,...., f., where
n+1<i<k,andcC, is called with clique numbern, or C; is clique with degree n,

- Remark 3.2. If c,is clique of faces f,f,,f,.., f,, then we used the notation
C, ={f,, ,, Ty, ,}OIC, = (f,, 5, F5,nnn, 1)

- Definition 3.3. Letc, be clique of the faces{f,f,,f,.., f} thenc,is called
improper clique of faces{f, f,, f,,.., f.},if there exists a clique c,of the faces
{f .1, 1, .., £, } suchthat{f, f,, f,.., f}={f . f,,f, ...} t<sandc,cc,, and
for all iand somej we havef=f", whereC ={f,f, f,..f}
C,={f f, f, .. .} 1<i<tandi< j<s.

- Definition 3.4. Letc, be clique of the faces{f, f,, f,,.., f}, thenc,is called proper
clique of faces{f,, f,, f,..., f},if there is no a clique c,of the faces{f,,f,, f, ..., f. }
such that{f,, f,, f,,.., f}c{f,.f,,f, .., .}, t<sandc, = c,, and forall iand some
j we havef =f", whereC ={f,f, f,.., £}, C,={f f, f, .., f, },1<i<tand
1< j<s.

- Definition 3.5. In a graph G if each of c_andc,be proper clique of the face f,then

f is called common between two cliquesc,,c, andc,=c,. A face f is called
common face between tproper cliques c,c,.c,....c, ifc, =c, for all i, jwhere
1<i< j<tandeachoneof c,c,,c,.. c,is proper clique of f.

- Definition 3.6. Inagraph G the face f is called non common between any number
of cliques, if there is only one clique include all faces adjacent to f or f is isolated
face. This means a non-common face belongs to only one clique.

- Remark 3.7. In a graph G the face  is called non common between any number
of cliques, if f is isolated face.
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- Example 3.8. LetG be a graph of nine faces f,, f,, f,,..., f,and three cliquec,,c,.c,,
each clique with clique number equal four. c, is clique of four faces f,, f,, f,, f,,,
c,is clique of four faces define f,, f,, f,, f,if definec,is cliqgue of four faces
f., f, f,, f. We use for cliques notations C,=(f,f,, f, f,),C,=(f, f,f,f),
C,=(f,, f;, f,, f,). The face f, is common face between the two proper cliques c,,c,
, the face f,is common face between the two proper cliques c,,c,andf, is
common face between the two proper cliques c,,c,.The faces f,, f,, f,, f;, f;, f, are
non-common faces. If these nine faces partition into four colour classes
11,12,13,14Where n={ft. &} v, ={f,. &}, x.={f,, £} and y, ={f,, f., f.}.

- Definition 3.9. Letc, be clique of the faces f, f,, f,,..., f,, thenc,is called isolate
clique of faces f, f,, f,,..., f. if each one of f, f,, f,,..., f,is non common face.

- Definition3.10. LetGbe a graph of kcommon and non-common faces
f, f,, f,,.., f, (common between proper cliquesc,,c,.c.....c, ), let thesek faces

partition into m colour classes, then thesem colour classes is called minimum
colour classes, if whatever we try to partition these k faces into m—1colour classes,
there exist at least two adjacent faces belong to the same colour class.

- Definition 3.11. LetGbe a graph of kcommon and non-common faces
f, f,, f,... f, (common between proper cliquesc,,c,,c,...c,), let thesekfaces

partition into m colour classes, then thesem colour classes are called maximum
colour classes, if whatever we try to partition thesekfaces into m+1 colour
classes, there exist two colour classes, such that any two faces belong to these
two colour classes, are not adjacent.

- Definition 3.12. Letc be a graph of common and non-common faces f,, f,, f,,..., f,
(common between proper cliques c,c,.c....c,), thesek faces partition into
minimum m colour classes 4, z,, zs1.. 2., If W be minimum number of proper
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cliques c,.c,’,c,,c.’ of common and non-common faces f,", f,’, f,",... f." satisfies
w'+1<t,+t;, for any two colour classes; and, , then the cliquesc,’.C,’,C; ....C .~
called standard of partition thesek™ faces into minimum m colour classes, where
t.and t; be number of times the colour classes », and x;appears at thesew’ cliques
respectively, ~ whereF cF, ¥ c¥, ork <k w=sw F ={f f, f .. f.}
F={f,f, f.. f}, ¥ ={C .C,.C;..C,} ¥={C,C,C,..C} and 1<i< j<m.
- Proposition 3.13. LetGbe a graph of kcommon and non-common faces
f, f,, f,...., f,, (common between proper cliquesc,c,,c,....c,), With maximum
cligue number equaln, if thesek faces partition into minimum m colour classes
X Xos a2 @NA £, ., £ are faces (common and non-common) belong to
one colour class y,,if a, be number of times the face f appear at thesewcligues,
where1<I< p,1<i<m, andt, be number of times the colour class y, appear at these
w cliques, then we havet, =a +a, +a,+..+a, <w.
Proof: Suppose f,, f,, f,...., f,belong to one colour class ,and 4, labelled byi, then
each one of f, f,, ..., f, labelled byiand the labeliappeara, +a, +a, +...+a,times
atc,,c,,c,....c,then whatever we exchange partition of all faces (common and
non-common) intom colour classes, and for the faces f,, f,, f,...., f, belong to one

colour class, any two faces of f, f,, f,,.., f_are nonadjacent, then the labeli cannot

31 Ip

appear twice at any clique, ifiappear once at any one ofc,c,.c,...
t=a+a,+a,+..+a,=w, ifiappear once at some ofc,c,.c,,..c,then

c, then

t =a +a,+a,+..+a, <w, therefore we havet, =a +a,+a,+...+a, <w.
- Proposition 3.14. LetG be a graph of kcommon facesf, f,, f,,..., f, (common

between proper cliquesc,,c,.c.....c, ), if thesekfaces partition into m colour
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k w
classes x,, x,, xav-- x> fOr alli< j<wthen we haves a - S d(c;), Where 1<1<k and

a, 1S appearance of face f, atw cliques.

Proof. Suppose these of k faces partition into m colour classes y,, v,, 75 2o
labelled by1,2,3,...,m, and let the colour class y; labelled byi. Since each cliquec,
labelled by some number 0f1,2,3...,m, and this number equald(C;), the number
d(C,)equal number of faces of cliqueC,, and each face f, labelled by one label of
1,2,3,..,m,If f, e y,,and the colour class y, contain only of f,,the labeli appearsa,
times atw cliques, a, means the face f, common betweena, cliques. If the colour
class y; consists only of faces f and f,, the labeli appearsa, +a, times at these w
cliques and we can writea, +a, =t,. If the colour class y, consists only of the faces
f, f.,f, the label iappearsa, +a, +a, times at these wcliques, and we can write

' "ry 's

a +a, +a, =t, so from definition of clique number and definition of face common

k w
between some cliques, then we have » a, =>"d(C)).
I=1 j=1
- Proposition 3.15. LetGbe a graph of kcommon and non-common faces
f, f,, f,,.., f, (common between proper cliquesc,c,,c,..,c,), if thesekfaces

partition into m colour classes y,, 7,, s ... labelled by 123.. m and for all

1< jswthenwe have s a 4 S°p = Sa(c), adk, +3 s = a(c,) Where k, is number

1=1 1=1 j=1 1=1 j=1

of common faces, and «k, is number of non-common faces, a,,b, are appearance of

common face and non-common face respectively atw cliques.
Proof: Using Proposition 3.14.if k =k, +k, where k, is number of common face, and

k, IS number of non-common faces, a,,b are appearance of common face and
non-common face atw cliques, then we have“zlal+“22bl _34(c,). From definition of

[ =1 =1
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- k,
common face and non-common face atwcliques, we haves, _x, therefore
1=1

Ky w

k, +Z:aI =Zd(Cj).

- Proposition 3.16. LetGbe a graph of kcommon and non-common faces
f,f, f,... f, (common between proper cliquescC,C,,C,...,C,), with maximum

cligue number equal n,and if thesekfaces partition into m colour classes
s Xor Xaner X lADEIED DY 1,23, m, and if t; be number of times the colour class
appear at thesewcliques, where 1<i<m, and for alli<j<wthen we have

m kl k2 m k1 k2 w

St=>a+>b, andd t=>a+> b=>d(C;)<wn

i=1 1=1 1=1 i=1 1=1 1=1 j=1

Proof: If for all 1< j<w, we haved(C,)=n, thenZW:d(Cj)=Wh. if for some 1< j<w,
j=1

we haved(C;)<n, thenzwld(cj)<wn. therefore we havezwld(cj)swn. Using
=1 j=1

Ky ko w
Proposition 3.15. We have) a +>'b =>d(C)), if t be number of times the
j=1

1=1 1=1
colour classy, appear at thesew cliques, where 1<i<m,and since thesek faces
partition into m colour classes y,, x,, xs..-» x.,, 1abelled by 1,23.....m, where «_+k, =k,

theniti _¥a+3b,and then we haveiti :iq +*22b| =id(cj) <wn.

- Proposition 3.17. LetGbe a graph of kcommon and non-common faces
f., f,, ..., f, (common between proper cliquesc,c,.c,...c,), With maximum

clique number equaln, if thesek faces partition into mminimum colour classes
i Xor Ko 2o l@DENlRD DY 1,23 m, if we add only one non common face f, ,
without changing the maximum clique numbern,then thesek+1faces partitioned

into minimum colour classes also equal m.
330
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Proof: Let thesem minimum colour classes labeled by 1,2,3...., m, since after addition
of a non-common face f,_, the proper cliquesc,,C,,C,,..,C, remain unchanged,
except one clique, let that clique bec,,andd(c;)=p before addition, after addition
d(C,)=p+1 Wherei< j<w,2<p<n-1let c, =(@123,., p)then after addition of the
p,q) Where p+1<q <m,and

non-common face f,., we labelled c byc, =@23
the face f,,, belongs to colour class y, where p+1<q<m,and since before we add
the face f,,,, d(c;)<n-1then the face f,,, can belongs to one of the following

colour classes y, ., .., Zpiar- 2n- 1NEN thesek +1common and non-common faces

partitioned intom colour classes.

- Corollary 3.18. LetGbe a graph of kcommon and non-common faces
f., f,, f,...., f, (common between proper cliquesc,c,.c,...c,), With maximum
cligue number equal n, if thesek faces partition into m minimum colour classes
i Xor Xarr 2o lADENlRD DY 123, m, If the face f,,is non common face, and we
remove only the face f,, without changing the maximum clique numbern, then
thesek -1faces partitioned into minimum colour classes also equal m.
Proof: Using Proposition 3.17. if we add a non-common face f,,, without
changingthe maximum clique numbern,then thesek+ifaces partitioned into
minimum colour classes also equalm. If we remove the non-common face f, ,,
then the maximum clique number remains n,then thesek faces was partitioned

into minimum colour classes also equal m.Hence removal of a non-common face
without changing the maximum clique numbern, doesn’t change number of

minimum colour classes.
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4. Method of Finding the Minimum Number of Colour Classes:

This technique is same as method of finding minimum number of colour classes for
edge colouring [13], and vertex colouring [14]. In this section we give some
examples to explain this method, and introduce some results related to this method.

- Proposition 4.1. LetG be a graph of kfaces f,, f,, f,...., f,andc,c,.c,
cligues of these « faces, with maximum cliques number equal n, suppose all faces
partition intom colour classes ., x,., #s..-.. x.., using the following method: In first

c, are proper

step we try to find g, colour classes, which is maximum number of colour classes
each has appearance equal watcC,,C,,C,,...,C, cliques, such that each colour class
consists only of common faces. In second step we try to find g, colour classes,

which is maximum number of colour classes each has appearance equal w-1at
C,,C,,C,,...,C, cliques, such that each colour class consists only of common faces.

In third step we try to find g, colour classes, which is maximum number of colour
classes each has appearance equal w-2atcC,C,,C,,..,C, cliques, such that each

colour class consists only of common faces. We continue in same process, at last
step we try to find g, colour classes, which is maximum number of colour classes

each has appearance equal w-satC,,C,,C,,...,C, cliques, such that it is impossible
to beq, +1 colour classes, and such that each colour class consists only of common
faces. After last step if all common faces partition into colour classesm, where
m=d,+q,+0, +..+0,, then m is minimum number of colour classes.

Proof: Suppose using only step | we partition all common faces into™ colour
classes and neglect non common faces, due Proposition 3.17. , this means m=q,.

m kl kz W
Using Proposition 3.16. We have >t =>'a+>b=>d(C,)<wn, and since
1=1 i=1

i=1 1=1
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n<m, We can write > 't, =wq, =wm = > d(C,;) <wn, it a contradiction if m<n, then

i=1 j=1

we haven=m, therefore m is minimum number of colour classes. This means
the result holds using only step I.

Suppose using only step I and step Il we partition all common faces intom colour
classes and neglect non common faces, this means m=q, +q,. Using Proposition
3.16. We can write )t =wq, +(w-1)g,+r=>Y d(C;)<wn, where 0<r, and ris

i=1 j=1

number of non-common faces, from Proposition 3.17. after addition of theser
non-common faces, number of colour classes remainm=gq,+q, Suppose all

common faces partition intom—1 colour classes instate of m colour classes, where
m-1=q,+0q, -1, then either there is q, + x, colour classes has appearance equal w

or there is there is g, +x,_ colour classes has appearance equal w-1, bothx,,x, are
integers0<x,, 0<x, not both of them equal zero. Then there at least g, +1 colour
classes each has appearance equal watcC,,C,,C,,..,C, cliques, or there at least g, +1
colour classes each has appearance equal w-1atC,C,,C,,..,C, cliques, it is a

contradiction if all common faces partition intom—1 colour classes. Then m is
minimum number of colour classes. This means the result holds using only step |
and step 1I.

Suppose using only step |, stepll and step I11 we partition all common faces into
m colour classes and neglect non common faces, this means m=q, +q, +g,. Using

Proposition 3.16. We can write Zm:ti =WwWq, + (W-1)g, +(W—2)q, +r = ZW:d (C;) <wn,
i=1 j=1

whereo<r, and ris number of non-common faces. From Proposition 3.17. after
addition of theser non-common faces, number of colour classes remain
m=q, +q, +¢,. Suppose all common faces partition intom—1 colour classes instate
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of mcolour classes, wherem-1=q,+q, +q, -1, then either there is q,+x, colour
classes has appearance equal w or there is there is g +x colour classes has
appearance equal w-1, or there is qg,+x, colour classes has appearance equal
w-2, all of x,,x,, x, are integers0 < x,, 0<x, 0<x,, notall of them equal zero. Then
there at least g, +1 colour classes each has appearance equal watc,C,,C,,...,C,
cliques, or there at least g, +1 colour classes each has appearance equal w-1at
C,,C,,C,,...,C, cliques, or there at least

q, +1 colour classes each has appearance equal w-2atcC,,C,,C,,...,C, cliques, itis

a contradiction if all common faces partition intom—1 colour classes. Then m is
minimum number of colour classes. This means the result holds using only step
I, step Il and step I11. Continue in this process if m=q, +q,+q, +...+q,,then m is
minimum number of colour classes. This means the result holds using all steps.

- Remark 4.2. In this paper and coming papers we called method in Proposition 4.1.
Method of finding minimum number of colour classes.

- Proposition 4.3. LetG be a graph of k faces f,, f,, f,,.., f,andc,c,.c,....c, are proper
cligues of these k faces, with maximum clique number equaln, where2<n, and

there is a proper clique with clique number equal two. If all faces (common faces
and non-common faces) partitioned into minimumm colour classes, then the
number of colour classes appearw times atC,,C,,C,,.., C, nhot more than two.

Proof. Suppose the number of colour classes appear timesw atcC,C,,C,,..,C,

equal three or more than three, let be three colour classes each appear timesw at
C,,C,,C,,...C,, from definition of colour class, each one of 4, v,, v, appear at all

of cliques then there is no clique with cliqgue number less than three, a
contradiction since there is one clique with clique number equal two, it is also a
contradiction for more than three colour classes each appearsw times at
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C,.C,,C,,...,C,, therefore the number of colour classes appearw times at
C,.C,,C,,.., C, not more than two.

Next proposition is generalization of Proposition 4.3., the proof is same as
Proposition 4.3.

- Proposition 4.4. LetG be a graph of k faces f,, f,, f,..., f,andc,c,.c,....c, are proper

cligues of these k faces, with maximum clique number equaln, whereq<n, and
there is a proper clique with clique number equal g. If all faces (common faces and
non-common faces) partitioned into minimumm colour classes, then the number
of colour classes appearw times atC,,C,,C,,...,C, not more than g.

- Proposition 4.5. LetG be a graph of « faces f,, f,, f,,.., f.andc,c,.c,....
cliques of these « faces, with maximum clique number equal n, let these faces be
partitioned intom colour classes, wherem=n+1, and there is no colour class

appearsw times atc,C,,C,,...,C,, and there isn colour classes each appearsw-1

c, are proper

times, and there is a colour class appearsr times, where2<r<w-2, if

n(w-1)+r=> d(C,), then m is minimum number of colour classes.

j=1
Proof: To show m is minimum number of colour classes, suppose these k
common faces partition into m—1 colour classes, then there exists at least one
colour class y, such that t =w+1,where1<i<m-1, and then the colour class have

two adjacent faces belong to the colour class y,. Therefore m is minimum number
of colour classes.

- Corollary 4.6. Let G be a graph of kfaces f, f,, f,,.., f,andc,c,.c,,...
cliques of these «k faces, with maximum clique number equal k =k, +k,, where k,
number of common faces, and k, number of non-common faces, if these k,
common faces partition intom colour classes, where m=n+1, such there is no

c, are proper
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colour class appearsw times atc,,C,,C,...,C,, and there isn colour classes each
appearsw-1 times, and there is a colour class appearsr times, where2<r<w-2,

ky
and n(w-1)+r=>a, where a, is appearance of face f, and 1<1<k. Then these

1=1
k faces partition into m is minimum number of colour classes.
Proof: Using Proposition 4.5 these k,common faces partition into m minimum
colour classes, since k=k +k,, and k, are non-common faces, Using
Proposition3.17. After addition of k,non-common faces, then these k faces
partition into m is minimum number of colour classes.
5. Common Face and Non Common Face Related to Proper Vertex:

In this section we introduce the concept of common face and concept of non-common
face related to proper vertex separates faces. In this section two adjacent faces means
they have common vertex. In this section we introduce some results without proofs,
for any proof you can see an analog result in section three.

- Definition 5.1. degree of a vertex v w.r.t. faces f, f,, f,,.., ., is the number of

faces separated byv, or we can say number of faces incident byv. We use the
notation d”(v)=n w.r.t. to faces

- Remark 5.2. Let v be a vertex w.r.t. to faces and with degree equal n, such thatv
separate by faces f,f,, f,,.., f, then we use the notation v=(f,f,,f,,.., f), or
v={f, f,, f..., f.}.

- Definition 5.3. Letv, be vertex separates faces{f,, f,, f,,..., f.},theny,is called proper
vertex separated faces{f,f,, f,,.., f},orvis called proper vertex of faces

{f. 1, f,... £,},if there is no a vertexv, separates faces{f,,f,, f, ..., f, } such that
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{f, T, frs £3{f £, £, ., £}, t<s,andy, cv,, and for all iand some j we have
f,=f", wherev, ={f,f,, ... f}, v, ={f,, f,, f, ., f, } I<i<tandi< j<s.

- Example 5.4. Lety, be vertex separates faces{f,, f,, f,, f,},i.ev, =(f, f,, f,, f,),andv,
be vertex separates faces{f,, f,, f.},i.ev, =(f, f,, f,),then we can sayv,is proper
vertex of faces{f, f,, f,, f,},andv, is not proper vertex of faces{f,, f,, f.}.

- Definition 5.5. In a graph G if each ofv,andv, be a proper vertex of the face f,then
f is called common between two vertices v, and v,,where v, =v,.Let each of
V;,V,,Vs,..., V, IS @ proper vertex of the face f, then the face f is called common
face between tproper verticesv,v,,v,,..,v, if each ofv =v, for all i, jwhere
1<i< j<t.

- Definition 5.6. In a graph G the face ¢ is called non common between any number
of vertices, if there is only one proper vertex separates all faces adjacent to f or f
Is isolated face. This means a non-common face belongs to only one vertex.

- Definition 5.7. LetC:be clique of the faces fi f0 fas T thenCuis called isolate

vertex of faces f, f,, f,,..., f, if each one of f, f,, f,,..,, f,is @ non-common face.
- Definition 5.8. LetG be a graph of k common and non-common faces f,, f,, f,...., f,
(common between proper verticesv,,v,,v,,..,v,), and thesek faces partition into m

colour classes, then thesem colour classes is called minimum colour classes, if
whatever we try to partition thesek faces into m-1colour classes, there exist at
least two adjacent faces belong to the same colour class.

- Definition 5.9. LetG be a graph of k common and non-common faces f,, f,, f,...., f,
(common between proper vertices v,,v,,v,,..,,v,),and thesek faces partition into m

colour classes, then thesem colour classes are called maximum colour classes, if
whatever we try to partition thesek faces into m+1 colour classes, there exist two
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colour classes, such that any two faces belong to these two colour classes, are
not adjacent.

- Definition 5.10. Letc be a graph of common and non-common faces f,, f,, f,...., f,
(common between proper vertices v,,v,,v,,..,v,), and thesek faces partition into
minimum m colour classes 4, 7,, Zs1 2., If W be minimum number of proper

*

verticesv, v, v, ,..,v... of common and non-common facesf,  f,,f; ., f.
satisfiesw +1<t,+t;, for any two colour classes; and,, then the vertices
Vv, Y, ..,V . called standard of partition thesek” faces into minimum m colour
classes, wheret,and t; be number of times the colour classes y; and x,appears at
thesew”  vertices  respectively, whereF ' cF, ¥"'c¥, ork’ <k, w <w,
Fr={f  f, f ..f. } F={f, f) fo £ ¥ ={v v, Vg v 3
¥ ={v,,V,,V;,..,V, }, andi<i< j<m.

- Proposition 5.11. LetGbe a graph of kcommon and non-common faces
f, f,, f,,.., f,, (Common between proper vertices v,,v,,v;,...,v,), With maximum
degree of a vertex w.r.t. faces equaln, if thesek faces partition into minimum m
colour classes v, v, xsn xm» aNd £, f,, f,,..., f are faces (common and non-

common) belong to one colour class y,,if a, be number of times the face f,appear
at thesew vertices, where1<1<p,1<i<m, andt, be number of times the colour
class y, appear at thesew vertices, then we havet, =a, +a, +a, +...+a, <w.

- Proposition 5.12. LetG be a graph of kcommon faces f, f,, f,,..., f, (common
between proper vertices v,,v,,v,,..,v,),if thesekfaces partition into m colour

k w
classes z, x,, xavw 2> fOr alli< j<wthen we have s a = S d(c;), where 1<1<k and

=1 =1

a, 1s appearance of face f, atw vertices.
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- Proposition 5.13. LetGbe a graph of kcommon and non-common faces
f, f,, f,..., f, (Common between proper vertices v,v,,v,..,Vv,), If thesekfaces

partition into m colour classes y,, 7,, zs..... x... labelled by 123, m and for all

Ky k, w ky w
1<j<wthen we have >la+>h=>d(v,), andk,+> a=>d(v,), where kis
1=1 j=1 i=1

=1 1=1
number of common faces, and k,is number of non-common faces, a,,b,are
appearance of common face and non-common face respectively atw vertices.

- Proposition 5.14. LetGbe a graph of kcommon and non-common faces
f,f, f,... f, (common between proper vertices v,,v,,v,,...,Vv,), With maximum
degree of a vertex w.r.t. faces equal n,and if thesek faces partition into m colour
classes y,, 7, 25z, 1abelled by 1,23...,m, and if t; be number of times the colour
class 7, appear at thesew vertices, where 1<i <m, and for all1< j<wthen we have

Zm:ti =ia| + 3 by, anditi =ia, +ibI =id(vj)swn.
i=1 1=1 1=1 i=1 1=1 I=1 j=1

- Proposition 5.15. LetGbe a graph of kcommon and non-common faces
f, f,, f,..., f (common between proper vertices v,,v,,v;,...,V,), With maximum
degree of a vertex w.r.t. faces equal n, if thesek faces partition into m minimum
colour classes z,, x,, #s.--» x, 1abelled by 1,2,3,..., m, if we add only one non common
face f,., without changing the maximum degree of a vertex w.r.t. faces n, then
thesek+1faces partitioned into minimum colour classes also equal m.

- Corollary 5.16. LetGbe a graph of kcommon and non-common faces
f, f,, f,.., f, (common between proper vertices v,,v,,v,..,Vv,), With maximum
degree of a vertex w.r.t. faces equal n, if thesek faces partition into m minimum
colour classes z,, 7,, 75, .., |abelled by 1,2,3..., m, if the face f_,iS non common
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face, and we remove only the face f,,, without changing the maximum clique
numbern, then thesek faces partitioned into minimum colour classes also equal m.
- Proposition 5.17. LetG be a graph of «kfacesf,f,, f,.., f.and v,v,,v,,..v, are

proper vertices of these k faces, with maximum degree of a vertex w.r.t. faces
equal n, suppose all faces partition intom colour classes x,, »,, xs..... z.,, using the

following method: In first step we try to find g, colour classes, which is maximum
number of colour classes each has appearance equal watv,,v,,v.,...,v, Vertices,

such that each colour class consists only of common faces. In second step we try

to find q, colour classes, which is maximum number of colour classes each has
appearance equal w-1atv,,v,,v,,..., v, vertices, such that each colour class consists
only of common faces. In third step we try to find g, colour classes, which is
maximum number of colour classes each has appearance equal w-2atv,,v,,v,,...,v,,

vertices, such that each colour class consists only of common faces. We continue
in same process, at last step we try to find g, colour classes, which is maximum

number of colour classes each has appearance equal w-satv,,v,,v,,...,v, Vertices,
such that it is impossible to be g, +1 colour classes, and such that each colour class

consists only of common faces. After last step if all common faces partition into
colour classesm, wherem=q,+q,+q,+..+q,, then m is minimum number of

colour classes.
Multiple Vertices and Multiple Faces:

In this section we introduce some definitions and results about multiple vertices and
multiple faces.

- Definition 6.1. Let Gbe a graph ofkcommon and non-common vertices
ViV, V5, v, (COMmon between proper cliquesc,,c,,C,,...C,), ify, IS common
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between cliques C,,C,,C,....,C,, and v, is common between cliques C,,C,,C,,..,C,,
then verticesv,,v,are called multiple (congruent) at r cliques.

- Definition6. 2. Let G be a graph ofk vertices v,v,,v,....v, (COmmon between
proper  cliquesc,,C,,C,,...C,), ify, is common between cliques
c.c,.C,...C,.C, .C, ,..C, and v, 1S common between cliques
c.C,.C,,...C,.,C,,.C C such that
{C....C,.,.C,.5-.CIN{C,.,.C..,.C, 5...CI=9, then the verticesy,,v,are called semi
multiple at r cliques.

- Definition 6.3. Let G be a graph ofk common and non-common faces f,, f,, f,...., f,

r+l1?

S+21000

(common between proper cliquesc,,C,,C,,..,C,), iff, is common face between
cliques C,,C,,C,...,C,, and f, iscommon face between cliques C,,C,,C,,...,C,,then
the faces f,, f,are called multiple(congruent) faces at r cliques.

- Definition 6.4. Let G be a graph ofk faces f,, f,, f,,..., f, (common between proper
cliquesc,c,,C,,.,C,), iff, is common face between cliques
c.c,.C,,...C,,C,,C,.,..C, and f, is common face between cliques
c.C,.C,,...C,,C..;,C..,., C,, such that
{C....C,,.C,.5-.CIN{C,.,.C..,.C. 5,..CI=9, then facesf,f,are called semi
multiple at r cliques.

- Proposition 6.5. and Proposition 6. 6. Are analog, so no need to prove Proposition
6.6.
Proposition 6.5. Let G be a graph ofk vertices v,,v,,v;,..,v, andC,,C,,C,,...,C,are

r+l1?

proper cliques of these k vertices, ifwis odd and a, =a, = W—’LS, then verticesv,,v,
2

are semi multiple at least at 3 cliques, wherea,a, is appearance of v,v,at
C.C,.C,....C, respectively.

w
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Proof: To arrange verticesv,,v, to be semi multiple at minimum number of cliques,
sov, appear atc,,c,,C,,..,C,.,andv, appear atc,,C,,,C,_,....C,_,. the verticesv,,v,

2 2

w1:Cu1rCoua Therefore verticesv,,v,are

2 2

are have repeated appearance at cliques C

semi multiple least at 3 cliques.
- Proposition 6.6. Let G be a graph ofk faces f,f,,f,..., f.andc,cC,,C,,..,C are

proper cliques of these k faces, ifwis odd and a =a, =WT+3, then faces f, f,are

semi multiple at least at 3 cliques, wherea,a, is appearance of f,f,at
C.C,,C,,..,C, respectively.
For proofs of Proposition 6.7. and Proposition 6.8. See Proposition 6.5 paper [14]
as an analog proposition.

- Proposition 6.7. Let G be a graph ofk vertices v,v,,v;,..,v, andC,,C,,C,,...,C,are
proper cliques of these k vertices, with maximum clique number equal n, suppose
these k vertices partitioned into minimum colour classes equal n+1, suppose each

colour class appears w-1 times or all colour classes (except one colour class)
appears w—1times atC,,C,,C,,..,C,. Then xw<n+x is condition if these k vertices

partitioned into minimum number colour classes equaln+x. wherex<n-1.

- Proposition 6.8. Let G be a graph ofk faces f,f,,f.,.., f andC,C,,C,,..,C, are
proper cliques of these kfaces, with maximum clique number equal n, suppose
these k faces partitioned into minimum colour classes equaln+1, suppose each

colour class appears w-1 times or all colour classes (except one colour class)
appears w-1 times atC,,C,,C,,...,C,. Then xw<n+x is condition if these k edges

partitioned into minimum number colour classes equaln+x. wherex<n-1.
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Graph of kcommon and non-common faces f, f,, f,,.., f, (common between
proper cliquescC,,C,,C,,...,C,), with maximum clique number equal n,

- Proposition 6.9. If v,is a vertex common between cliques C,,C,,C,,..,C,, each
clique of degreen, and v, is adjacent to Ivertices. Then I = (n-2r if and only if v,

and any one of thesel vertices is not semi multiple at r cliques.
Proof: First suppose v,and any one of theselvertices is not semi multiple at r

cliques. We label v,byl and theselverticesv,,v,,v,,...v,,, by234,.1+1
respectively. Let us label the cliquesc,,C,,C,,...C, as follows: C, =(23..,n),
C,=@n+1n+2,n+3,.,2n-1),C,=(12n,2n+12n+2,..,3n - 2),
C,=Qr-2n—-r+4,(r-2)n—-r+5,(r-2)n—-r+6,..,(r=Hn—(r—-2)),
C.=@L(r—Hn—(r=3),(r —-Yn—(r—4),..,rn—(r -1)),then I+1=rn—(r-2),and then
l=(n-Yr. If I<(n-Yrthen v, adjacent to number of vertices less than I, a
contradiction. If (n-1)r <1then there is a clique with clique number greater than
n, a contradiction.
Conversely suppose | = (n-2)r, since v, is common between cliques C,,C,,C,,..,C,,
each clique of degreen, and v, is adjacent to Ivertices, thenC,NC,; =v;, where
1<i< j<r, theny,and any one of thesel vertices is not semi multiple at r cliques.

- Proposition 6.10. If e is an edge common between vertices v,,v, each vertex of
degreen, and e, is adjacent to | edges. Then I=2(n-2)if and only if e, and any
one of theseledges is not multiple at these two vertices.

- Proposition. 6.11. If f,is common face between cliques C,C,,C,,..,C,, each
clique of degreen, and f, is adjacent to |faces. Then I =(n-1rif and only if f,
and any one of thesel faces is not semi multiple at r cliques.
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Each of Proposition 6.12., Proposition 6.13. and Proposition 6.14. is the
generalization of Proposition 6.12., Proposition 6.13. and Proposition
6.14respectively.

- Proposition 6.12. If v,is a vertex common between cliques C,,C,,C,,..,C,, each
clique of degreen, and v, is adjacent to Ivertices. Then Izzr:d(cj)—r if and only

j=1
if vand any one of theselvertices is not semi multiple at r cliques. If
|<Zr:d(cj)—r then v, and at least one vertex of thesel vertices, is semi multiple
j=1
at r cliques.

- Proposition 6.13. If e is an edge common between vertices v,,v, each vertex of
degreen, and e, is adjacent to | edges. Then I=d(v,)+d(v,)-2if and only if e,
and any one of theseledges are not multiple between these two vertices. If
| <d(v,)+d(v,) -2 then e is multiple with at least one of theseledges

- Proposition. 614. If f,is common face between cliques C,,C,,C,,..,C,, each clique

of degreen, and f, is adjacent to | faces. Thenl:id(cj)—r ifand only if f and
=1

any one of thesel faces is not semi multiple at r cliques. If |<id(cj)—r then f,

=1

and at least one face of thesel faces, is semi multiple at r cliques.
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