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Abstract

We consider the nonlinear neutral differential equation:

12
d
Ex(t)=—ﬂal(t)x(t)+ ZQL tx(t—g(t)) f

i=1 i=1 —0

HD (t,8) f(x(s)) + h(s)|ds

i=1

+ G (t,x(t),x(t — T(t)))

and use the contraction mapping principle to show the asymptotic stability of the
zero solution provided that Q(¢t, 0) = f(0) = 0.
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1. Introduction

There have been widely varied solutions for stabilization, Lyapunov's direct
methodology being the most renowned. The Lyapunov methodology for the
broadly differential equations have been terribly effective in establishing the
result for stability see [2,4,5], as well as in establishing the existence of periodic
solutions of differential equations with functional delays see [1]. However, there
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have bee certain issues despite the efficacy of Lyapunov's technique if the
functions of equations are unbounded with time and the derivative of the delay is
not small and the complexity of generating the Lyapunov function, it is a kind of
art to finding this function. Researchers have been working on discovering fresh
ways of avoiding those problems. [6] noted that some of these issues
disappearing when implementing the fixed-point theory. Due to the simplicity of
a fixed-point method in comparison with the Lyapunov method, the fixed-point
method has become an important instrument to show the existence and
uniqueness of solutions and to study the solution's stability in a multitude of
mathematical problems. There for, many studies have been published on subject
of periodicity and stability of nonlinear neutral equations see[7,8,9,10 |.

In [3] discussed the existence and unique- ness of periodic solutions of
L) =~ T, ;@) x(®) + 32, 0 (t.x(t — g(0)) +
[EIE, Die,8) F(x()) + ()] ds + G (t,x(0),x(t—1())  (1.1)

by assuming a(t) is a continuous real-valued function. Taking into
consideration

QRXR >R DIRXxR->R, ffR>R xx R>R G RxRxR—>R
and h. R — R are continuous functions and to ensure periodicity the
following assumption has been made

a(t), g(t), D (t, x), Q (t, x) and G (t, x, y) are periodic functions.

Also, let Cr stand for the set of all continuous scalar functions x(t) periodic in
t of period T.

This paper is mainly concerned with the asymptotic stability of the zero
solution on the eq.(1.1), as follows we have to mutate eq.(1.1) to an integral
mapping equation appropriate for the contraction mapping theorems. This
article is organized as follows: Section 2 presents the hypotheses to be used in
the later sections, it also introduces Lemma 2.1 that converts eq. (1.1) into an
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essential equation, and Section 3 presents the main results.
2. Preliminaries

In this section, we introduce some significant notations. It is appropriate to
assume the following conditions. Let Q (t, x), G (¢, x, y) and f(x) be globally
Lipschitz. So, for E1, E», E3, E4, Es, Es and K are positive constants such that,

Y7-11Qi(t, x) = Qi(t, )| < Eqllx =yl (2.1)
If () = fF()I < Ezllx =yl (2.2)
[5 TIP_,IDi(t,$)| ds < Es < oo, h(s) < E4 < KE, (2.3)
and,
1G(t,x,y) = G(t,w,2)| S Esllx —w |l + Eelly —z | (2.4)

The following lemma helps transform eq. (1.1) to an integral corresponding
equation.

Lemma 2.1
Let Q(t, x), D(t, s), al(t), f(t), x(t), g(t), h(t) and G(t,x,y) are
defined as above, then x(t) is a solution of eq. (1.1) if and only if
x(8) = 52, Qi (£.x(¢ = g(0)) + [x(0) = 52, 0 (0,x(0 - g(0)))] e~ o My it
[T @i 22 @ (wx(u — g @) + [ [T, Dy, 9) £(x(s)) + h(s)] ds +
G (u,x(u),x(u - r(u))) ] e~ Jo Ty aiioak gy, (2.5)

Proof.
Let x(t) € Cr be a solution of eq. (1.1). Now, by writing eq. (1.1) as
Sx(t) = =Ty () x(©) + 537, i (6, 2(t = g(©) ) + [1 [T, Di(t,5) £(x() +
h(s)]ds + G (t,x(0), x(t - 1(0)))
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Adding T2, a,() S2., Q; (& x(t - g(t))) to both sides of the last equation, we find:

Zx@ - 22, 0 (6 x(t - 9(®))] = =TT, @ (®) [x(©) = B2, @ (£, x(t - 9(©)))]
—IT, (O I8, Qi (&x(¢ — 9(0)) + [ [T, Dit,5) £ ((5)) + ()] ds +
G (t, x(t), x(t — T(t))) (2.6)

t
Now, multiply both sides of (2.6) by elo [liz1@i(ddk  then integrate from 0 to ¢,
we have:

[X(t) -2, Qi (t, X(t - g(t)))] efotl]?=1 a;(k)dk _ [x(O) _y o, (0' (0
9(0)))] oo T ai(k)dk

= fot [ l 1a:(t) Z? 10 (u x(u g(u))) + f [H 1Di(u, s) f(X(S)) + h(S)] ds +
G (u,x(u),x(u - T(u))) ] o N HETHOLLM

=Lt[ Ha(t)le w, x(u— g(u)) f

— 00

HD (ws) f(x(s)) + h(s) | d

i=1

oo -y ai)ake gy,

+G (u,x(u),x(u — T(u)))

Now, by dividing both sides of the above equation by efot Hf:ﬂi(k)dk, we get;
x(t) = B, Q (t x(t = g(©)) + |x© - . 0 (0,x(0 — g(0)) )] e~ Tty euO

t
.f
0

a(u)ZQl wx(u - g(w)) + f
=1

i — 00

+ G (u,x(u),x(u - T(u)))

HD (w5) f(x(s)) + h(s) | d

i=1

e~ Jo I, ai(ak g,

Thus, we see that x is a solution of eq. (1.1).
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3. Main Results

The methods employed in this section are adapted from the paper [1] we are
supposing that g (t), f (t) and t(t) are continuous, g (t) > 0 and Q(t, 0) = f(0)
= 0. Let, ¥(t): (—, 0] — R gives continuous bounded initial function.

We say x(t) =x(t,0,y) is a solution of eq.(1.1) if x(t) = Y(t) fort <
0 and satisfies Eq(1.2) for t > 0.

We say the zero solution of eq.(1.1) is stable at ¢, if for each ¢ >
0 thereisad = &(¢) > 0,such  that [P : (—oo,t5]y = R with ||| <
6] on (—oo,0]implies |x(t,ty,¥)| <e.

fotl_[f=1ai(s)ds>0 and e JoTliz ai()as —»0,ast—> (3.1)

There isan a > 0 such that

t
E, + f;“]’[g’:1 a;(W)| Ey + EzE3s + E, + Es + Eg| e~ Sl @ik gy < o < 1 (3.2)
t—g(t) > ,ast - (3.3)
Q(t,0) - 0,as t — (3.4)
G(t,0,0) >0 ,ast > oo (3.5)

Where, E1, E», E3 ,E4, Es and Eg are defined in inequalities (2.1) _ (2.4).
Theorem 3.1

If the inequalities (2.1) -(2.4) and the conditions (3.1) -(3.5) hold, then every
solution x(t, 0, y) of eq. (1.1) with small continuous initial function y(t) is
bounded and approaches zero as t — oo.

Moreover, the zero solution is stable at to= 0
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Proof.

Define the mapping P: U - U by (pe)(t) = y(t) ift <0, and,if t>0.
We have

p

+ [y(0) Z 0 1/}(0 g(O)))] e—fotl'[f=1 a;(k)dk

i=1

p
) (®) = Z 0 (to(t—g®))+

t
f
0

p

ﬂa(u)ZQl (w o(u - gw)) + f

i=1 —00

HD (5 f(0()) +h(s)|d

i=1

+ G (u, o), o(u— T(u))) o= Jo T, ai(k)dke g,

It is noticeable that ¢ € U, (P)(t) is continuous. Let ¢ € U with lgl <K for
some positive constant K. Let, (t) be small given continuous initial function
with 6 > 0, Iyl < §, then using (3.2) in the definition of (P¢)(t), we have:

()OIl < E1k + (1 + E1)6

t
.[
0

t
| | a;(w)| ErK + E,EsK + E,K + (Bs + Eg)K | e Julliz ai(0dk gy,
t
<(1+E)S§+K(E + f
0

[T

i=1

t
Ey + E,Es + Ey + Es + Eg| e~ Tl aitodky gy,

<(A+E)§+Ka

Which implies that, || (Pe)(t) || <K, for the right 6. Thus, (3.4) implies
(Pp)(t) is bounded. Next, we show that (P@)(t) - 0 as t— o

The second term on the right side of (P¢)(t) tends to zero, by condition (3.1).
In addition, the first term on the right side tends to zero, because of (3.3), (3.4)

and the fact that @ € U. It is left to show that the integral term goes to zero
ast— oo

Let € > 0 be given and ¢ € U with ||¢]|| < K, K> 0. Then, there existsa t; > 0
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so that for t>ty,|@(t —g)(t)| <e . Due to condition (3.1), there exists
. — Jo T, asGoydie

at, >ty suchthatt> t, impliesthate 't 'i=t™

have:

|f0t [_ M-, a;Xi; Q; (u o(u-— g(u))) + [ [T, D;(w,5) f(0(s)) + h(s)] ds +

G (u, o), p(u— T(u))) ] e—fotl'lleai(k)dkdu|

< = Thusfort>t,,we
aK

= f()tl[ll_[?:l a;(W| E1K + E;E3K + E4K + (Es + E6)K]e_ﬁn?=1ai(k)dkdu
+ fti“nf:l a;(w)| Eye+ EyEse + Ege + (Es + E6)€]e_f':n?=1ai(k)dkdu
< Kfotl“l_[f:l az(u)| E\ +EE;+E,+E5 + 56]e—f§r[§’=1ai(k)dkdu te fttl[“_ﬁ,:l ai(u)| E +
EyEy + Eq + Es + Eg|e™ lulli-aidk gy,
< Ko i T @ik [P, i) Ey + EEs + Ey + Es + Eglelu' s @0k gy 4 g

< Kae ftt1 M, @iCodk

< e+ ac

+ ac

Hence, (pp)(t) - 0 as t > oo.
It remains to show that (p¢)(t) is a contraction under the supremum norm.
Theorem 3.2
Let / be a positive constant satisfying the inequality.

By + [Ty ai)] By + 5] el a®dkgy < j < q (3.6)
then (P¢)(t) is a contraction under the supremum norm.

Proof.
Let h,g € U. Then |(ph)(t) — (pg) ()] < {Ey + [} [|[T, a; ()| Ey +
E,Es] e hllaci®deqyl | p— g

< allh— gll.

Therefore, according to the principle of contraction mapping, (P¢)(t) is bound
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and tends to be zero since t is infinite, moreover, (P)(t) has a unique fixed point
in U that resolves eq. (1.1). The stability of the zero solution at t, = O resulted
from simply replacing K with €. That ends the proof.

4. conclusion

In this paper, the nonlinear neutral first-order differential equation with
functional delay eq. (1.1) has been transformed into an integral equation by using
Lemma 2.1 The integral equation allows us to create a map that enables us to
apply the concept of the contraction-map, which ensures us the stability of
periodic solutions for a nonlinear neutral first-order differential equation.This
allows us to create a map that enables us to apply the concept of the contraction-
map, which ensures us the stability of periodic solutions for a nonlinear neutral
first-order differential equation with functional delay.
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